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Bernstein-Walsh type inequalities in the general regions of complex plane

F.G. Abdullayev
Department of Mathematics, Faculty of Science and Letters, Mersin University, Turkey

fabdul@mersin.edu.tr

Let C be a complex plane and C := C ∪ {∞} ; G ⊂ C be a bounded Jordan region with boundary L := ∂G

such that 0 ∈ G; Ω := C \G. Let w = Φ(z) be the univalent conformal mapping of Ω onto {w : |w| > 1} such

that Φ(∞) = ∞ and limz→∞
Φ(z)

z > 0.
Let 0 < p ≤ ∞ and σ be the two-dimensional Lebesgue measure. For the Jordan region G, we introduce:

‖Pn‖p : = ‖Pn‖Ap(h,G) :=



∫∫

G

h(z) |Pn(z)|p dσz




1/p

, 0 < p < ∞,

‖Pn‖∞ : = ‖Pn‖A∞(1,G) := max
z∈G

|Pn(z)| , p = ∞.

Well known Bernstein -Walsh Lemma [2] says that:

|Pn(z)| ≤ |Φ(z)|n ‖Pn‖C(G) , z ∈ Ω. (1)

N. Stylianopoulos in [1] replaced the norm ‖Pn‖C(G) with norm ‖Pn‖A2(G) on the right-hand side of (1) and
found a new version of the Bernstein-Walsh Lemma for the some regions as follows:

|Pn(z)| ≤ c

√
n

d(z, L)
‖Pn‖A2(G) |Φ(z)|n+1 , z ∈ Ω,

where d(z, L) := inf {|ζ − z| : ζ ∈ L} .
In this, we study for more general regions pointwise estimation in unbounded region Ω, for the derivative∣∣∣P(m)

n (z)
∣∣∣ , m = 0, 1, 2, . . . , in the following type:

∣∣∣P(m)
n (z)

∣∣∣ ≤ ηn(G, h, p, m, z) ‖Pn‖p , z ∈ Ω,

where ηn( · ) → ∞, as n → ∞, depending on the properties of the G, h.

[1] N. Stylianopoulos, Strong asymptotics for Bergman polynomials over domains with corners and applications, Con-
structive Approximation 2012; 38 (1): 59-100.

[2] JL.Walsh, Interpolation and Approximation by Rational Functions in the Complex Domain, AMS, 1960.

Expansion of the ratios of the confluent hypergeometric function Φ
(N)
D into

the branched continued fractions

T.M. Antonova, R.R. Kurka
Department of Applied Mathematics, Lviv Polytechnic National University, Lviv, S.Bandera Street 12, Ukraine

tamara.m.antonova@lpnu.ua, roman.kurka.mnpm.2020@lpnu.ua

Confluent hypergeometric function Φ
(N)
D is defined by multiple power series [1]

Φ
(N)
D (a, b1, b2, . . . , bN−1; c; z̄) =

=
∞

∑
k1,k2,...,kN=0

(a)k1+k2+...+kN
(b1)k1

(b2)k2
. . . (bN−1)kN−1

(c)k1+k2+...+kN

z
k1
1

k1!
zk2

2
k2!

. . .
zkN

N

kN !
,
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where z̄ = (z1, . . . , zN) ∈ CN ; a, b1, . . . , bN−1, c are complex constants (parameters of function), c 6= 0,−1,−2, . . . ;
(α)k is Pochhammer symbol: (α)0 = 1, (α)k = α(α + 1)k−1, k ≥ 1.

The function Φ
(N)
D is generalization of Humbert confluent hypergeometric function Φ1: Φ

(2)
D (a, b1; c; z1, z2) =

Φ1(a, b1; c; z1, z2). Such generalization is originated by H. Exton and H. Srivastava (1973). Value of the function

Φ
(N)
D with zN = 0 coincides with value of Lauricella function F

(N−1)
D [1].

Expansions of ratios

Φ
(N)
D (a, b1, b2, . . . , bN−1; c; z̄)

Φ
(N)
D (a + 1, b1, b2, . . . , bN−1; c + 1; z̄)

,

Φ
(N)
D (a, b1, b2, . . . , bN−1; c; z̄)

Φ
(N)
D

(
a + 1, b1 + δi

1, b2 + δi
2, . . . , bN−1 + δi

N−1; c + 1; z̄
) , i = 1, N − 1,

Φ
(N)
D (a + 1, b1, b2, . . . , bN−1; c; z̄)

Φ
(N)
D (a, b1, b2, . . . , bN−1; c; z̄)

,

where δi
j is Kronecker delta, into the branched continued fractions (BCF) of general form with N branches of

branching are constructed.
Some sufficient conditions of convergence of such BCFs are established. Results of calculus of approximants

for BCFs and these conditions are agreed.

[1] H. Exton, Multiple hypergeometric functions and applications, Ellis Horwood, Chichester, 1976

Relations involving Fibonacci numbers and Bernoulli numbers and
polynomials

K. Adegoke
Department of Physics and Engineering Physics, Obafemi Awolowo University, Ile-Ife, Nigeria

adegoke00@gmail.com

R. Frontczak
Landesbank Baden-Württemberg, Stuttgart, Germany

robert.frontczak@lbbw.de

T. Goy
Faculty of Mathematics and Computer Science, Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

taras.goy@pnu.edu.ua

Bernoulli numbers and Fibonacci (Lucas) numbers are regarded as the most important and fascinating se-
quences in mathematics. Relationships between them have been studied by some authors in the past. We continue
our study on relationships between Fibonacci (Lucas) numbers and Bernoulli numbers [1, 2, 3].

Let Fn and Ln denote the n-th Fibonacci and Lucas numbers, both satisfying the recurrence wn = wn−1 +wn−2

for n ≥ 2, but with the initial conditions F0 = 0, F1 = 1 and L0 = 2, L1 = 1, respectively.
The Bernoulli numbers Bn are defined, for example, by the recurrence

B0 = 1,
n−1

∑
k=0

(
n

k

)
Bk = 0.

Proposition. For all n, j ≥ 1,

2n

∑
k=1

(
2n

k

)
2kFjk

Lk
j

B2n−k =
2n√

5

(√
5Fj

Lj

)2n−1

,

2n−1

∑
k=1

(
2n − 1

k

)
2kLjk

Lk
j

B2n−k−1 = (2n − 1)

(√
5Fj

Lj

)2n−2

,
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⌊n/2⌋
∑
k=0

(
n

2k

)
(
√

5Fj)
2k


 Fj(n−2k+1)

n − 2k + 1
B2k −

FjL
n−2k
j

2n


 = 0,

⌊n/2⌋
∑
k=0

(
n

2k

)
(
√

5Fj)
2k

2k + 1


4k+1 − 1

k + 1
Lj(n−2k)B2k+2 −

Ln−2k
j

2n


 = 0,

n

∑
k=0

(
n

k

)
2kFjk(±

√
5Fj)

n−kBn−k = nFj

(
Ln−1

j +
(
∓
√

5Fj + Lj

)n−1
)

.

[1] K. Adegoke, Fibonacci series from power series, Notes Number Theory Discrete Mathematics, 27(3), (2021),
44–62.

[2] R. Frontczak, Relating Fibonacci numbers to Bernoulli numbers via balancing polynomials, J. Integer Seq. 22 (2019),
Article 19.5.3.

[3] R. Frontczak, T. Goy, More Fibonacci–Bernoulli relations with and without balancing polynomials, Math. Commun.
26(2) (2021), 215–226.

Zero subspaces of polynomials

R.M. Aron
Kent State University, United States

aron@math.kent.edu

Let P : X → K be a polynomial on a Banach space X, P(0) = 0. This talk will present a review of a significant
result of Anatolij Plichko and Andriy Zagorodnyuk about large vector spaces contained in P−1(0). Some results
and questions which have arisen from their theorem will be discussed.

C*-dynamical systems associated with actions of finite groups

M. Ali Asadi-Vasfi
Institute of Mathematics, Czech Academy of Sciences, ЕЅitnГЎ 25, 115 67 Prague 1, Czech Republic.

asadi@math.cas.cz

A crucial result in the context of measurable dynamics is the Rokhlin Lemma. This lemma, very roughly, says
that an aperiodic measure-preserving action of Z is approximated by finite cyclic shifts in a suitable sense. This
has led to various forms of the Rokhlin property in the setting of von Neumann algebras and C*-algebras case.
In this regard, viewing C*-algebras as noncommutative topological spaces, it is natural to look for the concept of
group actions on C*-algebras.

In this talk, we give a survey of some known results on crossed products by discrete group actions and discuss
their basic properties. We then restrict our attention to finite group actions on C*-algebras with the Rokhlin
property, approximate representability, and their weakened versions. Time permitting, we outline some structure
results for the crossed products by these classes of group actions.
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One-dimensional Fredholm boundary-value problems with a parameter in
Sobolev spaces

O.M. Atlasiuk
Institute of Mathematics of the Czech Academy of Sciences, 115 67 Praha 1, Zitna 25, Czech Republic

hatlasiuk@gmail.com

V.A. Mikhailets
Institute of Mathematics of the National Academy of Sciences of Ukraine, 01024 Kiev-4, Tereschenkivska 3, Ukraine

vladimir.mikhailets@gmail.com

The talk is devoted to the study of the character of solvability of inhomogeneous linear boundary-value prob-
lems for systems of ordinary differential equations of arbitrary order with the most general boundary conditions
in Sobolev spaces and the investigation of continuity in a parameter of solutions to these problems.

[1] O.M. Atlasiuk, Limit theorems for solutions of multipoint boundary-value problems with a parameter in Sobolev

spaces, Ukrain. Math. J. 72(8) (2021), 1175–1184

[2] O. Atlasiuk, V. Mikhailets, Continuity in a parameter of solutions to boundary-value problems in Sobolev spaces,
arXiv:2005.03494v1 (2020)

[3] O.M. Atlasiuk, V.A. Mikhailets, Fredholm one-dimensional boundary-value problems with parameter in Sobolev

spaces, Ukrain. Math. J. 70(11) (2019), 1677–1687

[4] O.M. Atlasiuk, V.A. Mikhailets, Fredholm one-dimensional boundary-value problems in Sobolev spaces, Ukrain.
Math. J. 70(10) (2019), 1526–1537

Approximation of operators in semi-linear metric spaces

V. Babenko
Department of Mathematics and Computer Science, Drake University, USA

vira.babenko@drake.edu

V. Babenko, O. Kovalenko
Department of Mathematical Analysis and Theory of Functions, Oles Honchar Dnipro National University, Ukraine

babenko.vladislav@gmail.com, olegkovalenko90@gmail.com

Let (Y, hY) be semi-linear metric space (L-space), S : DS → Y, and A : DA → Y be operators. Let also Q ⊂
DS ∩ DA. The problem to find the quantity

U(A, S; Q) = sup{hY(Ax, Sx) : x ∈ Q}

plays a vital role in Approximation Theory and Numerical Analysis.
We prove a generalized Korneichuk–Stechkin lemma which gives an estimation of this quantity for some

operators on the classes of L-space-valued functions defined by the given modulus of continuity. As applications,
we solve various problems of optimal recovery of operators on such classes of functions. The recovery is done
based on n values of the function or on function’s n mean values over intervals. We also obtain sharp Landau
type inequalities and solve an analog of the Stechkin problem about approximation of unbounded operators by
bounded ones and the problem of optimal recovery of an unbounded operator on a class of elements, known
with error. The utilization of L-space-valued functions gives a unified approach to the solution of the mentioned
above problems for the classes of multi- and fuzzy-valued functions, and for the classes of functions with values
in Banach spaces, particularly random processes and many other classes of functions.
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Fixed sets and fixed points for mappings in generalized Fréchet spaces

V.F. Babenko
Department of Mathematical Analysis and Theory of Functions, Oles Honchar Dnipro National University, Ukraine

babenko.vladislav@gmail.com

V.V. Babenko
Department of Mathematics and Computer Science, Drake University, USA

vira.babenko@drake.edu

O.V. Kovalenko
Department of Mathematical Analysis and Theory of Functions, Oles Honchar Dnipro National University, Ukraine

olegkovalenko90@gmail.com

We propose a way to relax and separate the interconnections between the notions of convergence, Cauchy
sequences, continuity and contractiveness of functions that are used in metric fixed point theorems. As opposed
to the usual approach, when all these notions are defined in terms of some distance function, we consider a way to
have these notions more independent. And as an example, we show that one can consider the family of Cauchy
sequences as primary object to determine the other notions. New fixed sets and fixed points theorems will be
presented.

On asymptotically optimal cubatures for multidimensional Sobolev spaces

V.F. Babenko
Oles Honchar Dnipro National University, Dnipro, Gagarin ave. 72, 49010, Ukraine

babenko.vladislav@gmail.com

Yu.V. Babenko
Kennesaw State University, Marietta, GA 30060, USA

ybabenko@kennesaw.edu

O.V. Kovalenko
Oles Honchar Dnipro National University, Dnipro, Gagarin ave. 72, 49010, Ukraine

olegkovalenko90@gmail.com

Let Q ⊂ Rd, d ∈ N, d ≥ 2, be a nonempty, bounded, open set. By W1,p(Q), p ∈ [1, ∞], we denote the Sobolev
space of functions f : Q → R, such that f and all their (distributional) first order partial derivatives belong to

Lp(Q). For x = (x1, . . . , xd) ∈ Rd and q ∈ [1, ∞), we set |x|q :=
(

∑
d
k=1 |xk|q

)1/q
, |x|∞ := maxk=1,...,d |xk|. It is clear

that for all f ∈ W1,p(Q) we have ‖ |∇ f |1 ‖Lp(Q) < ∞. For p ∈ [1, ∞] set W∇
p (Q) := { f ∈ W1,p(Q) : ‖ |∇ f |1 ‖p ≤

1}.
We say, that the set Q is composed of m ∈ N convex domains, if there exist disjoint convex domains Q1, . . . , Qm

such that Q =
⋃m

k=1 Qk. We call a function w : Q → R admissible, if it is positive almost everywhere, bounded,
and there exists M ∈ N, such that for all C1 < C2 the set {x ∈ Q : w(x) ∈ [C1, C2]} is composed of m ≤ M convex
domains.

Let a measurable bounded set Q ⊂ Rd, n ∈ N and an admissible function w : Q → R be given. We consider
the problem of optimal recovery of the integral

∫
Q w(x) f (x)dx of a function f ∈ W∇

p (Q) based on n function’s
values at points from Q. Arbitrary function Φ : Rn → R is called a method of recovery. The problem of the
optimal recovery of the integral is to find the best error of recovery

En(W
∇
p (Q), w) := inf

xi∈Q
inf

Φ : Rn→R
sup

f∈W∇
p (Q)

∣∣∣∣∣∣

∫

Q

w(x) f (x)dx − Φ( f (x1), . . . , f (xn))

∣∣∣∣∣∣
,

the best method of recovery and the best position of the informational set x1, . . . , xn, if such points and such a
method exist.
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Theorem ([1]). Let p > d, w be admissible function on Q ⊂ Rd. Then

En

(
W∇

p (Q), w
)
=

c(d, p)(1 + o(1))

2
1+ d

p′ n
1
d

‖w‖Lq(Q), n → ∞,

where q = p′d
p′+d , 1

p + 1
p′ = 1, and c(d, p) := 1

d

∥∥∥∥
1

|·|d−1
∞

− | · |∞
∥∥∥∥

Lp′ ({x∈Rd : |x|∞≤1})
.

We also find asymptotically optimal method of recovery and informational set.

[1] V. F. Babenko, Yu. V. Babenko, O. V. Kovalenko, On asymptotically optimal cubatures for multidimensional Sobolev

spaces, Res. Math. (2021), 29 (2), 15–27.

Entire multivariate vector-valued functions of bounded L-index: analog of
Fricke’s theorem

V.P Baksa
Lviv Polytechnic National University, Lviv, 12 Bandera street, Ukraine

vitalinabaksa@gmail.com

A.I. Bandura
Ivano-Frankivsk National Technical University of Oil and Gas, Ivano-Frankivsk, 15 Karpatska Street, Ukraine

andriykopanytsia@gmail.com

O.B. Skaskiv
Ivano Franko National University of Lviv, Lviv, 1 Universytetska Street, Ukraine

olskask@gmail.com

Let G ⊂ Cn be some domain and | · |p be a norm in Cp. Let L(z) = (l1(z), . . . , ln(z)), where lj(z) : G → R+ be
a positive continuous function. An analytic vector-valued function F : G → Cp is said to be of bounded L-index (in

joint variables) in the domain G, if there exists n0 ∈ Z+ such that

∀z ∈ G ∀J ∈ Zn
+ :

|F(J)(z)|p
J!LJ(z)

≤ max

{
|F(K)(z)|p
K!LK(z)

: K ∈ Zn
+, ‖K‖ ≤ n0

}
.

The following theorem is basic in the theory of functions of bounded index.

Theorem. Let L ∈ Qn and |A|p = max{|aj| : 1 ≤ j ≤ p} for A = (a1, . . . , ap) ∈ Cp. An entire vector-valued function

F : Cn → Cp has bounded L-index in joint variables if and only if for every R ∈ Rn
+ there exist n0 ∈ Z+, p0 > 0 such that

for all z0 ∈ Cn there exists K0 ∈ Zn
+, ‖K0‖ ≤ n0, satisfying the inequality

max

{
|F(K)(z)|p
K!LK(z)

: ‖K‖ ≤ n0, z ∈ Dn[z0, R/L(z0)]

}
≤ p0

|F(K0)(z0)|p
K0!LK0(z0)

.

[1] Baksa V.P, Bandura A.I., Entire multivariate vector-valued functions of bounded L-index: analog of Fricke’s theorem,
Mat. Stud. (2020), 54 (1), 56–63.

Authomatic continuity of measurable homomorphisms between
topological groups

T. Banakh
Ivan Franko National University of Lviv and Jan Kochanowski University in Kielce

t.o.banakh@gmail.com
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A topological group X is called ω-narrow if for any nonempty open set U ⊆ X there exists a countable set
C ⊆ X such that X = CU = UC. By classical results of Banach, Steinhaus, Weil, Pettis, Piccard, a homomorphism
h : X → Y from a Baire (locally compact) topological group X to an ω-narrow topological group Y is continuous
if and only if it is BP-measurable (Haar-measurable).

In 1989 Kleppner proved that every Haar-measurable homomorphism between locally compact groups is
continuous and in 2012 Kuznetsova proved that under Martin’s Axiom, every Haar-measurable homomorphism
from a locally compact group to any topological group is continuous. Kuznetsova also asked whether Martin’s
Axiom can be removed from her result. This indeed can be done as shown by the following theorem which is the
main result of this talk.

Main Theorem. 1. Every Haar-measurable homomorphism from a locally compact group to any topological group is

continuous.

2. Every BP-measurable homomorphism from any ω-narrow Čech-complete group to any topological group is continu-

ous.

3. Every Borel homomorphism from any Čech complete group to any topological group is continuous.

The proof of this theorem uses an “analytic" generalization of the classical theorem of Brzuchowski, Cichoń,
Grzegorek and Ryll-Nardzewski (1997) on nonmeasurable unions.

Clarke Jacobians, Bouligand Jacobians, and compact connected sets of
matrices

D. Bartl
School of Business Administration in Karviná, Silesian University in Opava, Univerzitnı́ náměstı́ 1934/3, 733 40 Karviná,

Czech Republic

M. Fabian, J. Kolář
Institute of Mathematics of Czech Academy of Sciences, Žitná 25, 115 67 Prague 1

fabian@math.cas.cz

Recent results on Clarke Jacobians obtained by D. Bartl and M. Fabian in [1] and [2] are extended to Bouligand
Jacobians (subdifferentials). In particular, we prove that every non-empty compact connected set of matrices can
be expressed as the Bouligand Jacobian at the origin of a Lipschitz mapping which is moreover either countably
piecewise affine or C∞-smooth off the origin. Given proofs, coming from [3], are simpler and different from those
in [1] and [2]. Finally, we discuss the existence of Lipschitz liftings (i.e. right inverses) for Lipschitz mappings
from Rn to Rm.

[1] D. Bartl, M. Fabian. Can Pourciau’s open mapping theorem be derived from Clarke’s inverse mapping theorem easily?,
J. Math. Anal. Appl. 497 (2021) 124858.

[2] D. Bartl, M. Fabian, Every compact convex subset of matrices is the Clarke Jacobian of some Lipschitzian mapping,
Proc. Amer. Math. Soc. 149 (2021), 4771–4779.

[3] D. Bartl, M. Fabian, J. Kolář. Clarke Jacobians, Bouligand Jacobians, and compact connected sets of matrices, sub-
mitted.

Local properties of entire functions of bounded index in frame

A.I. Bandura
Ivano-Frankivsk National Technical University of Oil and Gas, Ivano-Frankivsk, 15 Karpatska Street, Ukraine
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andriykopanytsia@gmail.com

O.B. Skaskiv
Ivano Franko National University of Lviv, Lviv, 1 Universytetska Street, Ukraine

olskask@gmail.com

We extend a concept of entire functions having bounded index in a variable direction by a case when the
variable direction is a continuous vector-valued functions. The previous investigations [1] of this class of functions
contain restriction that the variable direction is an entire vector-valued function. An entire function F : Cn → C

is called a function of bounded frame index in a frame b(z), if there exists m0 ∈ Z+ such that for every m ∈ Z+

and for all z ∈ Cn and for all t ∈ C one has
|∂m

b(z)
F(z+tb(z))|

m! ≤ max0≤k≤m0

|∂k
b(z)

F(z+tb(z))|
k! , where ∂0

b(z)
F(z +

tb(z)) = F(z + tb(z)), ∂k
b(z)

F(z + tb(z)) := k!
2πi

∫
|τ|=r

F(z+tb(z)+τb(z))
τk+1 dτ and b : Cn → Cn is a vector-valued

continuous function. Here we present a investigation of some properties of these functions. The obtained results
are counterparts of propositions known for entire functions having bounded index in a fixed direction. They
describe local behavior of modulus ∂k

b(z)F(z + tb + τb(z)) on the disc |τ| = η. We give some estimate of this

expression by value ∂k
b(z)F(z + tb). Our main results is the following theorem.

Theorem 1. Let b : Cn → Cn be a continuous vector-valued function. If an entire function F : Cn → C is of
bounded frame index in the frame b(z) then for each η > 0 there exist n0 = n0(η) ∈ Z+ and P1 = P1(η) ≥ 1
such that for every z ∈ Cn and every t ∈ C there exists k0 = k0(z, t) ∈ Z+, 0 ≤ k0 ≤ n0, and

max
{∣∣∣∂k0

b(z)
F(z + tb(z) + τb(z))

∣∣∣ : |τ| ≤ η
}
≤ P1

∣∣∣∂k0
b(z)

F(z + tb(z))
∣∣∣ .

[1] Bandura A.I. Entire functions of bounded index in frame, Mat. Stud., 54 (2), 193–202 (2020).
doi:10.30970/ms.54.2.193-202

Numerical methods meet linear chaos

S. Bartoll, F. Martínez-Giménez, A. Peris, F. Rodenas
Institut Universitari de Matemàtica Pura i Aplicada, Universitat Politècnica de València, Spain

sbartoll@mat.upv.es, fmartinez@mat.upv.es, aperis@upv.es, frodenas@mat.upv.es

Linear dynamics, especially chaotic linear dynamics, on Banach and more general topological vector spaces is
a well-established topic of research that has experimented a great development in recent years.

In this talk we will show the presence of chaos in certain dynamical systems associated to finite difference
schemes for solving partial differential equations. The examples we present here range from schemes for the
one-dimensional parabolic and hyperbolic heat equations, to the 1-D advection-diffusion reaction equation. The
results show the importance of choosing the appropriate space and time steps when designing a non-chaotic
numerical method to solve a PDE.

[1] A. Baranov and A. Lishanskii, Hypercyclic Toeplitz operators, Results Math. 70 (2016), no. 3-4, 337–347.

[2] S. Bartoll, F. Martı́nez-Giménez, A. Peris, F. Rodenas, Chaos for numerical schemes of differential operators.
Preprint (2022).

[3] F. Bayart and É. Matheron, Dynamics of linear operators, Cambridge Tracts in Mathematics, vol. 179, Cam-
bridge University Press, Cambridge, 2009.

[4] K.-G. Grosse-Erdmann and A. Peris Manguillot, Linear chaos, Universitext, Springer, London, 2011.

[5] C. Lizama, M. Murillo-Arcila, and A. Peris, Nonlocal operators are chaotic, Chaos 30 (2020), no. 10, 103126, 8.
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Classification of at most three Monohedral tiling of a regular Polygon

B. Basit
Department of Geometry, Budapest University of Technology and Economics, Budapest 1111, Egry JГizsef utca 1., Hungary

bushrabasit18@gmail.com

Z. Lángi
MTA-BME Morphodynamics Research Group and Department of Geometry, Budapest University of Technology and

Economics, Budapest 1111, Egry JГizsef utca 1., Hungary

zlangi@math.bme.hu

A tiling of a topological disc by topological discs is called monohedral if all tiles are congruent. Maltby
[1] characterized the monohedral tilings of a square by three topological discs. Kurusa, Lángi and Vı́gh [2]
characterized the monohedral tilings of a circular disc by three topological discs. The aim of this note is to
connect these two results by characterizing the monohedral tilings of any regular n-gon with at most three tiles
for any n ≥ 5.

Question. What could be the characterization of four or six number of convex tiles in a square rectangle?

[1] S.J. Maltby, Trisecting a rectangle, J. Combin. Theory Ser. A 66 (1994), 40-52

[2] Á. Kurusa, Z. Lángi and V. Vígh, Tiling a circular disc with congruent pieces, Mediterr. J. Math. 17 (2020), article
number 156.

Asymptotic Behaviour of Quadratic Stochastic Operators

K.J. Bartoszek
Division of Statistics and Machine Learning, Department of Computer and Information Science, Linköping University,

Linköping, Sweden

krzysztof.bartoszek@liu.se; krzbar@protonmail.ch

Non-linear models are an evolving area of research, driven by both mathematical interest and applications.
Quadratic stochastic operators (QSOs) are a first step in generalizing classical linear Markov chains. They describe
mixing of two populations, e.g., sexual reproduction, where one parent comes from the female class and the other
from the male class. Studying the law, even in the limit, of a population evolving under a QSO is a challenging
task due to the interaction component between the two classes of individuals. When the law of the trait is in L1,
one is able to obtain equivalent conditions for their stability [2] and that the set of so-called norm quasi–mixing

operators is a dense and open set in the topology induced by the supremum metric [3].
Restricting the class of QSOs, to the so-called centred quadratic stochastic operators [1], one is able to show

that, in the case of hermaphroditic species, when the offspring’s trait is equal to an additively perturbed arith-
metic mean of the parents’ traits, one can represent the law of the trait in descendant populations through an
appropriate sum of independent random variables. The construction of this representation is such that it allows
for a consideration of limit properties through the characteristic functions, and also for an effective simulation
algorithm. Rather mild conditions on the initial population and perturbation—finite variance or tails of distribu-
tions are controlled by a suitable power function—are required for a weak limit to exist.

At the end we will mention some directions of study of QSOs that are present in recent literature. These
include, e.g, work on so-called Volterra QSOs, and ergodicity of QSOs.
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[1] K. Bartoszek, J. Domsta and M. Pułka, Weak Stability of Centred Quadratic Stochastic Operators, B. Malays. Math.
Sci. So. 42(4) (2019), 1813–1830

[2] K. Bartoszek and M. Pułka, Asymptotic properties of quadratic stochastic operators acting on the L1 space, Nonlinear
Anal.–Theor. 114 (2015), 26–39

[3] K. Bartoszek and M. Pułka, Prevalence problem in the set of quadratic stochastic operators acting on L1, B. Malays.
Math. Sci. So. 41 (2018), 159–173

Symmetric polynomials on tensor products of ℓ1

N.M. Baziv
Vasyl Stefanyk Precarpathian National University, 57 Shevchenka Str., 76018 Ivano-Frankivsk, Ukraine

nataliia.baziv@pnu.edu.ua

Let S∞ be the group of all permutations on the set of natural numbers and G(S∞) a representation of S∞

in a Banach space X. A function f is G(S∞)-symmetric if it is invariant with respect to actions of all operators in
G(S∞). In the talk will be considered some representations of G(S∞) in the projective tensor product of ℓ1 to itself
and corresponding algebras of G(S∞)-symmetric polynomials. In particular, we discuss the existence of algebraic
bases in such algebras.

Denote by θ the following representation of S∞ on the projective tensor product ℓ1⊗̂ℓ1

θ(σ) :




a11 · · · a1n · · ·
...

...
...

...
an1 · · · ann · · ·

...
...

...
...




7→




a1σ(1) · · · a1σ(n) · · ·
...

...
...

...
anσ(1) · · · anσ(n) · · ·

...
...

...
...




,

where σ ∈ S∞. Polynomials which are invariant with respect to θ are called block symmetric polynomials.
It is known that algebraic basis of the algebra of block symmetric polynomials on Cn ⊗ ℓ1 = ℓ1(C

n) form
polynomials

Hk1,...,kn
k (x) =

∞

∑
j=1

n

∏
s=1

ks>0

(
x
(s)
j

)ks for k ≥ 1, k = k1 + · · ·+ kn,

where x
(s)
j ∈ ℓ1(C

n), j ∈ N, 1 ≤ s ≤ n.
For every j ∈ N we denote by ϕj(σ) the following representation of S∞ acting on the elements of the blocks

ϕj(σ) : (aij) 7→ (aσ(i)j) for every fixed j ∈ N.

Consider block symmetric polynomials that are invariant with respect to actions of ϕj for every j ∈ N. Then

every such polynomial can be represented as an algebraic combination of polynomials H
k1,...,kn

k , defined above.

Index of convexity and the sharpness of the Markov type inequalities

T. Beberok
Department of Mathematics, University of Applied Sciences in Tarnow, Mickiewicza 8, 33-100 TarnГiw, Poland

t_beberok@pwsztar.edu.pl

In this talk we introduce the notion of index of convexity for a convex function. We show the basic properties
of this index that are important from our point of view. Moreover, we illustrate the connection of the index of
convexity with the sharpness of the Markov type inequalities and the Markov exponent. These problems are
related to the results obtained in the article [2] by Kroó.
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[1] T. Beberok, On Lp Markov type inequality for some cuspidal domains, preprint

[2] A. Kroó, Sharp Lp Markov type inequality for cuspidal domains in Rd, J. Approx. Theory 250, (2020), 105336.

Asymptotic estimates for analytic functions in strips and their derivatives

G.I. Beregova
Lviv Politechnic National University, Lviv, Ukraine

gberegova@yahoo.com

S.I. Fedynyak
Ukrainian Catholic University, Lviv, Ukraine

napets.fed@gmail.com

P.V. Filevych
Lviv Politechnic National University, Lviv, Ukraine

p.v.filevych@gmail.com

Let −∞ ≤ A0 < A ≤ +∞, Φ be a continuous function on [a, A) such that for every x ∈ R we have xσ −
Φ(σ) → −∞ as σ ↑ A, Φ̃(x) = max{xσ − Φ(σ) : σ ∈ [a, A)} be the Young-conjugate function of Φ, Φ(x) =

Φ̃(x)/x for all sufficiently large x, and F be an analytic function in the strip {s ∈ C : A0 < Re s < A} such that
the quantity S(σ, F) = sup{|F(σ + it)| : t ∈ R} is finite for all σ ∈ (A0, A) and F(s) 6≡ 0. It is proved that if
ln S(σ, F) ≤ (1 + o(1)Φ(σ) as σ ↑ A, then

lim
σ↑A

S(σ, F′)
S(σ, F)Φ −1(σ)

≤ c0,

where c0 < 1, 1276 is an absolute constant. From previously obtained results [1, 2] it follows that c0 cannot be
replaced by a constant less than 1.

[1] S.I. Fedynyak, P.V. Filevych, Growth estimates for a Dirichlet series and its derivative, Mat. Stud., 53 (1) (2020),
3–12.

[2] S.I. Fedynyak, P.V. Filevych, Growth estimates for the maximal term and central exponent of the derivative of a

Dirichlet series, Carpathian Math. Publ., 12(2) (2020), 269–279.

Chordal angle distances and Hausdorff metrics

J.E. Blevins
Department of Statistics, Uppsala University, SE-75120 Uppsala, Sweden

James.Blevins.0@gmail.com

We extend Clarkson’s chordal metric [6] to unit spheres of linear metric spaces with F-norms. On closed subsets
of a bounded set, the Hausdorff distance is a metric [1]. We evaluate the Hausdorff distance on spherical antipodes

{{−x, x} : ‖x‖}, so defining an F-norm elliptic metric. Our Hausdorff-metric approach produces the Cayley–Klein
elliptic metric for the cosine angle [4, 3] and inner-product spaces. Spherical antipodes are the orbits of an iso-
metric involution, and our construction produces metrics generally for isometric involutions on metric spaces.
(Cf., [5, lemma 3.3.6 on length spaces, isometric subgroup actions, & quotient metrics]).

We present a metric space for which the metric roundness [2, 7, 9] degenerates in the quotient metric (modulo
an isometric involution). For every metric space, roundness 2 may be induced by using the square root of the
distance (c.f., negative type of Schoenberg [generalized roundness] [2]). The Euclidean plane with the square-root
distance is a locally convex F-space with roundness 2, which is not isomorphic to a Hilbert space, we observe.
(Quasi-Banach spaces with roundess 2 are isomorphic to Hilbert spaces [2, 8].)
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[1] G. Beer, Topologies on Closed and Closed Convex Sets, Kluwer Academic, Dordrecht, 1993

[2] Y. Benyamini and J. Lindenstrauss, Geometric Nonlinear Functional Analysis. Vol. 1, American Mathematical
Society, Providence, RI, 2000

[3] W. Benz, Elliptic distances in Hilbert spaces, Aequationes Math. 59 (2000), 177–190

[4] L. M. Blumenthal, Theory and Applications of Distance Geometry, Chelsea, NY, 1970 [1953]

[5] D. Burago, Y. Burago, and S. Ivanov, A Course in Metric Geometry, American Mathematical Society, Provi-
dence, R.I., 2001

[6] J. A. Clarkson, Uniformly convex spaces, Trans. Amer. Math. Soc., 40 (1936), 396–414

[7] P. Enflo, On the nonexistence of uniform homeomorphisms between Lp-spaces, Ark. Mat., 8 (1969), 103–105

[8] N. J. Kalton, N. T. Peck, and J. W. Roberts, An F-Space Sampler, Cambridge UP, 1984

[9] M. I. Ostrovskii, Metric Embeddings: Bilipschitz and Coarse Embeddings into Banach Spaces, De Gruyter, Berlin,
2013

Norming sets on algebraic varieties

L. Bialas - Ciez
Faculty of Mathematics and Computer Science, Jagiellonian University, KrakГiw, ЕЃojasiewicza 6, Poland

leokadia.bialas-ciez@uj.edu.pl

A finite subset F of a fixed compact E is said to be norming for E if it allows us to estimate from above the
supremum norm of polynomials on E by their norm on F. The number of points in F is related to degree of
these polynomials. Norming sets can be constructed for a large family of sets in CN . They are sometimes called
admissible or polynomial meshes.

We give a construction of norming sets for compact subsets of an arbitrary algebraic hypersurface in CN+1.
They are preimages by a projection of norming sets on compacts in CN . Our method can be useful also for certain
algebraic sets of codimension greater than one.

[1] L. Bialas-Ciez, A. Kowalska, Polynomial meshes on algebraic sets, preprint 2021.

Abscissas of convergence of random Dirichlet series

A.Yu. Bodnarchuk, M.R. Kuryliak, O.B. Skaskiv
Ivan Franko National University of Lviv, Lviv, 1 Universytetska Str., Ukraine

8andriy1111@gmail.com (A.Yu. Bodnarchuk), mega shim@ukr.net (M.R. Kuryliak), olskask@gmail.com (O.B. Skaskiv)

Let (Ω,A, P) be a probability space. Let also Λ =
(
λk

)+∞

k=0 be a sequence of non-negative pairwise distinct

numbers and f =
(

fk(ω)
)+∞

k=0 be a sequence of random comlex variables on (Ω,A, P). By D(Λ) we denote a class

of formal Dirichlet series of the form F(z) = F(z, ω) =
+∞

∑
k=0

fk(ω)ezλk (z ∈ C, ω ∈ Ω) such that there exists

x ∈ R : fk(ω)exλk → 0 (k → +∞) a.s.

The relationship between the abscissas of convergence σc(ω), absolutely convergence σa(ω) and abscissa σµ(ω)

of the existence of the maximal term of the Dirichlet series F ∈ D(Λ) is studied.
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Proposition 1. If F ∈ D then

σµ(ω) = α0(ω) := lim
k→+∞

− ln | fk(ω)|
λk

a.s.

Proposition 2. Let F ∈ D. If ln k = o(ln | fk(ω)|) (k → +∞) a.s. then

σc(ω) = σa(ω) = σµ(ω) = α0(ω) a.s.

This statements in the case lim
k→+∞

λk > 0 coincide with statements obtained earlier in [1].

Theorem 1. Let f =
(

fk(ω)
)

be Gaussian random complex variables ξk ∈ NC(0, σ2
k ), i.e. the random variable

ηk(ω) = ξk(ω)/σk have the distribution density function of the following form pη(z) =
1
π e−|z|2, z ∈ C. If ln k =

o
(

ln σk

)
(k → +∞) then

σc(ω) = σa(ω) = σµ(ω) = lim
k→+∞

− ln σk

λk
a.s.

[1] O. Skaskiv, N. Stasiv, Abscissas of convergence of Dirichlet series with random exponents. Visn. Lviv. Un-tu,
ser mekh.-mat. Iss. 84, 2018, 96–112. (Ukrainian)

Unbounded conditional convergence regions of two-dimensional branched
continued fractions of the special form

D.I. Bodnar
West Ukrainian National University, Ternopil, 3 Peremohy square, Ukraine

bodnar4755@ukr.net

I.B. Bilanyk
Ternopil Volodymyr Hnatiuk National Pedagogical University, Ternopil, 2 Maxyma Kryvonosa str., Ukraine

i.bilanyk@ukr.net

O.S. Bodnar
Ternopil Volodymyr Hnatiuk National Pedagogical University, Ternopil, 2 Maxyma Kryvonosa str., Ukraine

bodnarotern@ukr.net

Branched continued fractions (BCF) is a multidimensional generalisation of continued fractions. Lately, it is
intensively developed the theory of BCF of the special form with complex elements

∞

D
k=1

ik−1

∑
ik=1

ai(k)

bi(k)
, (1)

where i(k) ∈ I , I = {i(k) = (i1, i2, . . . , ik) : 1 ≤ ik ≤ ik−1 ≤ ... ≤ i0; k ≥ 1; i0 = 2} . It is established criteria of
conditional convergence of the fractions (1) the elements of which are lying in parabolic or angular regions. In
particular, the following theorem takes place.

Theorem 1. Let the elements of the two-dimensional BCF of the special form (1) satisfy the conditions :

∣∣∣a1[n]

∣∣∣−ℜ
(

a1[n]e
−i(ψn+ψn−1)

)
≤ 2pn−1

(
ℜ
(

b1[n]e
−iψn

)
− pn

)
, n = 1, 2, . . . ;

∣∣∣a2[k],1[n]

∣∣∣−ℜ
(

a2[k],1[n]e
−i(ψk+ψk−1)

)
≤ 2sk,n−1

(
ℜ
(

b2[k],1[n]e
−iψk

)
− sk,n

)
,

n = 1, 2, . . . , k = 1, 2, . . . ;

ℜ
(

b2[n]e
−i(arg a2[n],1−ψn)

)
≥ qn, n = 1, 2, . . . ;
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and for some lk, lk ∈ Z,

arg a2[k],1 + arg a2[k+1],1 − arg a2[k+1] = ψk + ψk+1 + 2πlk, k = 1, 2, . . . ,

where ψk are real numbers, pn, sk,n, qn, n = 0, 1, . . . ; k = 1, 2, . . . , are some positive constants, sach that each of sequences

{
a1[n]

pn pn−1

}∞

n=1
,
{

a2[k],1[n]

sk,nsk,n−1

}∞

n=1
, k = 1, 2, . . . ,

{
a2[n]

qn, qn−1

}∞

n=1

are bounded. Then the BCF (1) converges.

[1] D. I. Bodnar: Branched continued fractions, Naukova Dumka, Kyiv (1986). (in Ukrainian)

Uncomplemented subspaces in operator ideals

G. Botelho
Faculdade de Matemática, Universidade Federal de Uberlândia, Uberlândia, Brazil

botelho@ufu.br

In the literature one can find several results on the complementability or not of the space of compact linear
operators in the space of bounded linear operators. Generalizing these results, we give conditions on the Banach
spaces E and F and on the closed operator ideal I so that the space I(E; F) of linear operators from E to F

belonging to I is not complemented in the space L(E; F) of all bounded operators.
In this talk we restrict ourselves to the linear results of the forthcoming paper [1]. This is a joint work with

Vinícius Fávaro (Universidade Federal de Uberlândia) and Sergio Pérez (Universidad Pedagógica y Tecnológica
de Colombia).

[1] G. Botelho, V. Fávaro, S. Pérez, Uncomplemented subspaces in operator and polynomial ideals, Revista Matemática
Complutense, to appear.

Orthogonally Additive Sums of Powers of Linear Functionals

Ch. Boyd, R. Ryan, N. Snigireva
University College Dublin, Ireland

christopher.boyd@ucd.ie

An m-homogeneous polynomial P on a vector lattice is said to be orthogonally additive if P(x + y) = P(x) +

P(y) whenever x and y are disjoint. In this talk we will characterise when a sum of powers of linear functions,
∑

k
j=1 ϕm

j is orthogonally additive in terms of the lattice properites of the ϕj and relationship between k and m.
These results is part of joint work Ray Ryan and Nina Snigireva.
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Green’s function for the system of diffusion equations with inertia

I. Burtnyak
Faculty of Economics, Vasyl Stefanyk Precarpathian National University, 57 Shevchenka Str, 76018 Ivano-Frankivsk, Ukraine

ivan.burtnyak@pnu.edu.ua

G. Malytska
Faculty of Mathematics and Informatics, Vasyl Stefanyk Precarpathian National University, 57 Shevchenka Str, 76018

Ivano-Frankivsk, Ukraine

hanna.malytska@pnu.edu.ua

We investigate the Cauchy problem for a system of equations of form:

∂tuj(t, x)−
3

∑
s=1

nj+1

∑
µ=1

xsµ∂xs+1µuj(t, x) =
n

∑
r=1

∑
|k|≤2

a
(jr)
k (t, x)Dk

x1
ur(t, x), (1)

where j = 1, n. x = (x1, ...x4), xi ∈ Rni ,n1 ≥ ... ≥ n4, x ∈ Rn0 , n0 = ∑
4
i=1 ni, t ∈ (0, T], 0 < T < +∞, u(t, x) =

(u1(t, x), ..., un(t, x))

u(t, x)|t=τ = u0(x), 0 ≤ τ < t < T. (2)

Theorem 1. Let the following conditions be met:

1) System of equations ∂tuj(t, x) =
n

∑
r=1

∑
|k|≤2

a
(jr)
k (t, x)Dk

x1
ur(t, x), uniformly parabolic for x ∈ Rn0 , 0 ≤ t ≤;

n

∑
r=1

∑
|k|≤2

a
(jr)
k (t, x)σk

1 = ∑
|k|≤2

γk(t, x)σk
1 B0, B0-constant matrix multiplier;

2) Dk
x1

a
(jr)
k (t, x), |k| ≤ 2, continuous and bounded functions satisfy the Holder condition on x with exponent α, 0 <

α ≤ 1 and evenly on (t, x), x ∈ Rn0 , 0 ≤ t ≤ T.
Then there is the Green’s G(t, x; τ, ξ), ξ ∈ Rn0 , 0 ≤ τ < t < T, problem (1), (2).

Estimates of derivatives as well as its properties G(t, x; τ, ξ), are established.

[1] I. Burtnyak, A. Malytska Application of the spectral theory and perturbation theory to the study of Ornstein-

Uhlenbesck processes, Carpathian Math. Publ. 10 (2) (2018), 273–287.

Singular limits in fluid mechanics

M. Caggio
Institute of Mathematics, Czech Academy of Sciences, Prague, Žitná 25, Czech Republic

caggio@math.cas.cz

The talk is devoted to the problem of singular limits in fluid mechanics. We discuss the problem and we present
a recent contribution in this area.

[1] Caggio, Matteo; Donatelli, Donatella; Nečasová, Šárka; Sun, Yongzhong, Low Mach number limit on thin

domains. Nonlinearity 33 (2020) 840-863.
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On the conservative numerical solution of a time fractional diffusion
equation

A. Cardone, G. Frasca-Caccia
Department of Mathematics, University of Salerno, Fisciano, Via Giovanni Paolo II 132, Italy

ancardone@unisa.it, gfrascacaccia@unisa.it

Conservation laws relate the variation of certain quantities within an arbitrarily small section of the space
domain, to the amount of quantity that flows in and out. This quantity often has a physical meaning, such as
mass, energy, momentum, electric charge.

In the last decade, conservation laws of fractional differential equations have been derived by suitably gener-
alising methods for PDEs [3, 4].

The specialized literature still misses a study on the numerical preservation of conservation laws of fractional
differential problems.

This talk deals with the numerical solution of a diffusion equation of fractional order in time. The proposed
method combines a finite difference scheme in space with a spectral time integrator and preserves discrete ver-
sions of the conservation laws of the original differential equation [1, 2].

[1] K. Burrage, A. Cardone, R. D’Ambrosio, and B. Paternoster. Numerical solution of time fractional diffusion sys-

tems. Appl. Numer. Math., 116 (2017), 82-94.

[2] A. Cardone, G. Frasca-Caccia, Numerical conservation laws of time fractional diffusion PDEs,
arXiv.2203.01966, (2022).

[3] E. Lashkarian, S. R. Hejazi, E. Dastranj, Conservation laws of (3 + α)-dimensional time-fractional diffusion equa-

tion, Comput. Math. Appl., 75 (2018), 740-754

[4] S. Y. Lukashchuk, Conservation laws for time-fractional subdiffusion and diffusion-wave equations, Nonlinear Dy-
nam., 80 (2015), 791-802

A survey on bi-orthogonal polynomials and functions

C. Cesarano
Section of Mathematics, Uninettuno University, Roma, C.so Vittorio Emanuele II, 39, Italy

c.cesarano@uninettunouniversity.net

The theory of orthogonal polynomials is well established and detailed, covering a wide field of interesting
results, as in particular for solving certain differential equations. On the other side, the concepts and the related
formalism of the theory of bi-orthogonal polynomials is less developed and much more limited. By starting
from the orthogonality properties satisfied by the ordinary and generalized Hermite polynomials, it is possible
to derive a further family (known in the literature) of these kind of polynomials that are bi-orthogonal with
their adjoint. This aspect allow us to introduce functions recognized as bi-orthogonal and investigate further
generalizations of families of orthogonal polynomials. Furthermore, the use of the so called Chebyshev systems
allows us to state relevant relations with bi-orthogonal polynomials with positive kernel.

[1] P. Appell and J. Kampé de Fériet, Fonctions hypergeometriques et hyperspheriques. Polynomes d’Hermite,
Gauthier-Villars, Paris, 1926 (in French)

[2] H.M. Srivastava and H.L. Manocha, A treatise on generating functions, Wiley, New York, 1984

[3] H.W. Gould and A.T.Hopper, Operational formulas connected with two generalizations of Hermite Polynomials,
Duke Math. J. (1962), 51–62

[4] Y.S. Kim and M.E. Noz, Phase-space picture of quantum mechanics, World Scientific, Singapore, 1991

[5] G. Dattoli, P.E. Ricci, C. Cesarano, The Lagrange Polynomials, the Associated Generalizations and the Umbral
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Let f be an arbitrary almost periodic complex-valued Besicovitch function of the class B = B1 (B-a.p. func-
tion), whose Fourier exponents {λk}∞

k=1 have a single limit point at infinity. Let us write its Fourier series in the
symmetric form

∑
k∈Z

Ak( f )eiλkx, (1)

where Ak( f ) = limT→∞
1
T

∫ T
0 f (x)e−iλkxdx, k ∈ Z, λ0 := 0, λk+1 > λk > 0, λ−k = −λk, |Ak( f )|+ |A−k( f )| > 0,

k > 0.
Let M = {Mk(t)}k∈Z, t ≥ 0, be a sequence of nondecreasing convex functions, Mk(0) = 0, Mk(t) → ∞ as

t → ∞. The modular space (or Besicovitch-Museilak-Orlicz space) BSM is the space of all functions f ∈ B-a.p.
such that the following quantity (the Orlicz norm of f ) is finite:

‖ f ‖
M

:= sup
{

∑
k∈Z

γk|Ak( f )| : γk ≥ 0, ∑
k∈Z

Mk(γk) ≤ 1
}

.

Further, let Fh( f , t) = fh(x) := 1
2h

∫ t+h
t−h f (u)du be the Steklov function of a function f ∈ BSM. Define the differ-

ences as follows
∆̃1

h( f ) := ∆̃1
h( f , t) = Fh( f , t)− f (t) = (Fh − I)( f , t),
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∆̃m
h ( f ) := ∆̃m

h ( f , t) = ∆̃1
h(∆

m−1
h ( f ), t) = (Fh − I)m( f , t) =

m

∑
k=0

km−k

(
m

k

)
Fh,k( f , t),

where m = 2, 3, . . ., Fh,0( f ) := f , Fh,k( f ) := Fh(Fh,k( f )) and I is the identity operator in BSM. Consider the
following smoothness characteristics

ω̃m( f , δ) := sup
0≤h≤δ

‖∆̃m
h ( f )‖

M
, δ > 0.

By Gλn
we denote the set of all B-a.p. functions whose Fourier exponents belong to the interval (−λn, λn) and

define the value of the best approximation by

Eλn
( f )

M
= inf

g∈Gλn

‖ f − g‖
M

.

Theorem 1. For arbitrary numbers n ∈ N and m > 0, and for any function f ∈ BSM, with the Fourier series of the form

(1) the following inequalities holds:

Eλn
( f )

M
≤ π2m

2m!K(m)

π∫

0

ω̃m

(
f ,

u

λn

)

M

sin u du,

where K(m) = ∑
m
j=0(−1)j π2m−2j

(2m−2j)! +
π2m

2m! (−1)m.

In the spaces L2 of 2π-periodic square-summable functions, the results of this kind were obtained by Abilov
and Abilova [1], and Vakarchuk [2].

[1] V. Abilov, F. Abilova, Problems in the approximation of 2π-periodic functions by Fourier sums in the space L2(2π).
Math. Notes, 76 (6) (2004), 749-757.

[2] S. Vakarchuk, Jackson-type inequalities with generalized modulus of continuity and exact values of the n-
widths for the classes of (ψ, β)-differentiable functions in L2. I. Ukrainian Math. J. 68 (6) (2016), 823–848.
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In mathematical modeling of physical and technical processes, the evolution of which depends on prehistory,
we arrive at differential equations with a delay. With the help of such equations it was possible to identify and
describe new effects and phenomena in physics, biology, technology [1,2].

An important task for differential-functional equations is to construct and substantiate finding approximate
solutions, since there are currently no universal methods for finding their precise solutions. Of particular interest
are studies that allow the use of methods of the theory of ordinary differential equations for the analysis of delay
differential equations.

Schemes for approximating differential-difference equations by special schemes of ordinary differential equa-
tions are proposed in the works [3,4].Further study of the schemes of approximation of differential-difference
equations in the spaces of continuous functions on a finite interval was carried out in the work of I.M. Cherevko
and L.A. Piddubna [5]. The analysis of the accuracy of the approximation of the vector delay element for different
input functions and the generalization of the approximation schemes for the systems of differential-difference
equations of the delay and neutral types are considered in the works of I.M. Cherevko and O.V. Matviy [6,7]. The
construction and substantiation of schemes for the approximation of linear and quasilinear differential-functional
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equations by the sequence of systems of ordinary differential equations have been studied in the works of I.M.
Cherevko and S.A. Ilika [8,9].

The study of the relations between the differential-difference equations and the corresponding approximating
systems of ordinary differential equations allowed us to propose algorithms for solving a number of applied prob-
lems. Schemes for approximating the nonsymptotic roots of quasi-polynomials of linear differential-difference
equations are proposed in [5, 7], and a method for investigating the stability of solutions of such equations is
given in [8, 10]. Constructive algorithms for constructing regions of stability of linear systems with many delays
were obtained in [11].

Using the approximate finding algorithms for non-asymptotic roots of quasi-polynomials, a way for construct-
ing the coefficient areas of stability for linear differential equations with delay and finding the set of delay values
for which the equation is asymptotically stable is suggested. Performed numerical experiments for model test ex-
amples confirm the effectiveness of proposed schemes for modeling the linear differential equations with delay.

[1] Corduneanu С., Li Y., Mahdavi M., Functional Differential Equations: Advances and Applications, John Wi-
leySons. (2016), 368.

[2] Schiesser W.E., Time Delay ODE/PDE Models. Applications in Biomedical Science and Engineering, Boca Rona.
(2019), 250.

[3] Repin Y.M., About approximation replacement system with delay by ordinary differential equations, APM. (1968),
226–245.

[4] Halanay A., Approximations of delays by ordinary differential equations. Recent advances in differential equations,
New York : Academic Press. (2019), 155 – 197.

[5] Cherevko I. I., Piddubna L. A., Approximations of differential-difference equations and calculation of nonasymptotic

roots of quasipolynomials, Revue D’Analyse numerique et de theorie de l’approximations. 1(28), (1999), 15 – 21.

[6] Matviy O.V., Cherevko I.M., About approximation of system with delay and them stability, Nonlinear oscilations
7(2), (2004), 208 – 216.

[7] Matviy O.V., Cherevko I.M., On the approximation of systems of differential-difference equations of neutral type to

systems of ordinary differential equations, Nonlinear oscillations, 7(2), (2007), 329 – 335.

[8] Ilika S. A., Matviy O. V., Piddubna L. A., Cherevko I. M., Approximation of differential-functional equations and

their application, Bukovinian Mathematical Journal, 2(2), (2014), 92 – 96.

[9] Cherevko I., Ilika S., Approximation nonlinear differential-functional equations, Math. methods and fiz. meh.
field, (2020), 50

[10] Ilika S.A., Tuzyk I.I., Cherevko I.M., Approximation of nonasymptotic roots of quasipolynomials of differential-

difference equations of neutral type, Bukovynian Mathematical Journal, 8(1), (2020), 110 – 117.

[11] Cherevko I., Tuzyk I., Ilika S., Pertsov A., Approximation of Systems with Delay and Algorithms for Modeling

Their Stability, 11th International Conference on Advanced Computer Information Technologies ACIT’2021,
(2021), 49 – 52.
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Let D be a Banach algebra. We denote by ℓ1(D) the vector space of sequences u = (x1, . . . , xn, . . .), xi ∈ D and
‖u‖ = ∑

∞
i=1 ‖xi‖. Also we will denote by Λ1(D) = ℓ1(D)× ℓ1(D) and each element u ∈ Λ1(D) we represent as

u = (y|x) = (. . . , yn, . . . , y2, y1|x1, x2, . . . , xn, . . .),
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x, y ∈ ℓ1(D). Clearly, Λ1(D) is a Banach space with respect to the norm

‖u‖ = ‖x‖+ ‖y‖.

Let σ, µ be permutations on N and (x, y) ∈ Λ1(D). We define

(σ, µ)(y|x) = (. . . , yσ(n), . . . , yσ(1)|xµ(1), . . . , xµ(n), . . .).

Let u = (y|x) and w = (d|b) are in ℓ1(D). Then

u • w = (y • d|x • b) = (. . . , dn, yn, . . . , d1, y1|x1, b1, . . . , xn, bn, . . .).

Let us consider an equivalence defined as (y|x) ∼ (y′|x′) if and only if there are permutations σ, µ : N → N

and vectors (a|a), (b|b) ∈ Λ1(D) such that

(σ, µ)((y|x) • (a|a)) = (y′|x′) • (b|b).

Let us denote by M(D) = Λ1(D)/ ∼ .
In this talk we consider the structure of M(D) and supersymmetric polynomials on Λ1(D).

Having unique Hahn–Banach extensions inside C(K)
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In its seminal paper of 1960 [1], R. R. Phelps introduced property U to refer when a linear subspace X of a
Banach space Y has the property that every linear continuous functional defined on X admits a unique norm
preserving extension (so called Hahn–Banach extension) to the whole space Y. He initiated a systematic study of
the pairs (X, Y) for which X (⊂ Y) has property U in Y. Since its introduction, this property has been studied
in various contexts by many authors, including Lima, Martsinkevitš, Oja, Pōldvere, Smith, Sullivan, Viil, Werner,
among many others. For example, one of the most remarkable and studied cases through the literature may be
when considering X as a linear closed subspace of its own bidual Y = X∗∗ through the canonical embedding,
due to the strong implications of X having property U in X∗∗. In this work we are interested in the case in which
Y = C(K) for some Hausdorff compact space K, motivated by the classical fact that indeed any Banach space X

can be considered as a linear closed subspace of a C(K) space for some K.
Throughout this work, we introduce the concept of U-embedding to denote those linear isometries whose

range has property U, and study the existence of such a map between X and C(K). We provide results when X is
finite dimensional, separable, or X also a C(K)-space (which relates our work with the concept of linear extension
operator introduced in a classical paper of A. Pełczyński).

[1] R. R. Phelps, Uniqueness of Hahn–Banach extensions and unique best approximation, Trans. Amer. Math. Soc. 95

(1960), 238–255
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We consider differential problems arising from real phenomena [1, 5], where some qualitative features and
properties of the exact solution are a-priori known. Our aim is to develop numerical techniques that are able to
preserve such features [4, 6], while also exhibiting excellent stability properties [2, 3].

In particular, we focus on stiff differential problems with positive and sometimes oscillating (with known
frequency) solutions. We show numerical tests confirming the efficiency, stability and accuracy of the proposed
numerical methods.

[1] M.A. Budroni, G. Pagano, B. Paternoster, R. D’Ambrosio, D. Conte, S. Ristori, A. Abou-Hassan, F. Rossi,
Synchronization scenarios induced by delayed communication in arrays of diffusively-coupled autonomous chemical

oscillators, Phys. Chem. Chem. Phys. 23(32) (2021), 17606–17615

[2] M. Calvo, J.I. Montijano, L. Randez, A note on the stability of timeвЂ“accurate and highlyвЂ“stable explicit operators

for stiff differential equations, J. Comput. Phys. 436 (2021), 110316

[3] D. Conte, G. Pagano, B. Paternoster, Two-step peer methods with equation-dependent coefficients, Comput. Appl.
Math. 41(4) (2022), 140

[4] D. Conte, N. Guarino, G. Pagano, B. Paternoster, On the advantages of nonstandard finite differences discretizations

for differential problems, Numer. Anal. Appl. 25(3) (2022), to appear

[5] L. Eigentler, J.A. Sherratt Metastability as a coexistence mechanism in a model for dryland vegetation patterns, Bull.
Math. Biol. 81(7) (2019), 2290–2322

[6] R.E. Mickens, Calculation of denominator functions for nonstandard finite difference schemes for differential equations

satisfying a positivity condition, Numer. Methods Partial Differ. Equ. 23(3) (2007), 672–691
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Harald Bohr’s power series theorem from 1914 states that for a holomorphic function f on the open unit disc
D we have

∞

∑
n=0

| f (n)(0)| 1
3n

≤ sup
z∈D

| f (z)| ,

and here the so-called Bohr radius 1
3 is best possible. This result came out as a sort of by-product of Bohr’s

intensive study of ordinary Dirichlet series ∑n ann−s from the beginning of the last century, and since then it
remained a subject of special attention in various more general settings.

After a short review on the historical background of Bohr’s power series theorem, we intend to report on
extensions of this result for holomorphic functions in finitely many variables. Here a real breakthrough came
from substantial improvements of an elementary inequality due to Bohnenblust and Hille on the coefficients of
complex-valued polynomials in N variables - originally inspired by Littlewood’s famous 4

3 -inequality for the case
N = 2.

In the second part of this talk, we want to indicate that all this in a natural way leads to a study of Bohr’s phe-
nomenon for real-valued functions on the Boolean cube {−1, 1}N . Every such function has a so-called canonical
Fourier-Walsh expansion f (x) = ∑S⊂{1,...,N} f̂ (S)xS , where xS = ∏k∈S xk. Given a class F of functions on the
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Boolean cube {−1, 1}N , the Boolean radius of F is defined to be the largest ρ ≥ 0 such that ∑S | f̂ (S)|ρ|S| ≤ ‖ f ‖∞

for every f ∈ F .

We discuss precise asymptotic estimates of the Boolean radius of several natural subclasses, as e.g. the class
of all real-valued functions on {−1, 1}N or the subclass formed by such functions of degree ≤ d. Compared with
the classical complex situation subtle differences as well as striking parallels occur, and moreover a somewhat
curious link to the efficiency of quantum computers appears.

Finally, we sketch how all these results inspire new techniques to study projection constants of Banach spaces
of multivariate polynomials – including spaces of trigonometric polynomials on compact groups, analytic polyno-
mials on finite dimensional Banach spaces, spaces of Dirichlet polynomials, and spaces of real-valued functions
on Boolean cubes. Today results on projection constants form an indispensable tool of modern Banach space
theory.

On symmetry of boundary values
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Let H
p
σ(C+), σ ≥ 0, 1 ≤ p < +∞, be the space of analytic functions in the half-plane C+ = {z : Rez > 0} for

which

|| f || := sup
− π

2 <ϕ< π
2





+∞∫

0

| f (reiϕ)|pe−prσ| sin ϕ|dr





1/p

< +∞.

Functions f ∈ H
p
σ(C+) have almost everywhere on iR the boundary nontangential values, which we denote by

f (it) and f (it)e−σ|t| ∈ Lp(R).
For the case σ = 0 the space H

p
σ(C+) is an classical Hardy space.

We discuss functions with the antisymmetric boundary nontangential values on iR.

Theorem 1. Let f ∈ H
p
σ(C+) and f (it) = − f (−it) almost everywhere on R. Then the operator K : z → f (z)

p
√

z
maps f to

the entire function.

Corollary. In the conditions of Theorem 1 the zero set of f cannot have any limit point w0 ∈ iR.

Question. Does the sequence of zeros of f ∈ H
p
σ(C+) become ”more think” near the boundary if the boundary nontangen-

tial values of f are close to antisymmetric?

[1] V. Dilnyi, Kh. Huk On decomposition problem in weighted Hardy space, Banach Center Publ. 119 (2019), 151-155
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The Hahn-Banach extension theorem for real cases dates back the papers by H. Hahn in 1927 and by S. Ba-
nach in 1929. Although the familiar trick deriving the theorem for other scalars by reduction to the real case
was not forthcoming until 1938 due to H. F. Bohnenblust and A. Sobczyk (Complex scalars) and also by G. A.
Soukhomlinoff (Complex or Quaternionic scalars). In this talk our prime concern is to correlate this theorem and
its variants with other geometric properties in Banach spaces. In this connection we refer the works mainly from
Eve Oja and A. Lima. We establish a close connection of unique extension property with ideals in Banach spaces.
R. R. Phelps introduced property-U, numerous strengthening of property-U are introduced in last few decades
by Oja, Lima, Warner, Roy and many others. It is well-known that canonical embedding of a Banach space has
property-U in its bidual comes under the category of spaces whose duals has Radon-Nikodym property. In the
first half of this presentation we discuss a few well-known characterizations available in the literature, in the sec-
ond we showcase a few of our observations. We study various strengthening and weakening of the uniqueness
of Hahn-Banach extension property. The hyperplanes in c0 with these properties are completely identified. Our
observations include various classical sequence spaces and function spaces demonstrating the applicabilities of
our observations.

[1] S. Daptari, T. Paul, T. S. S. R. K. Rao, Stability of unique Hahn-Banach extensions and associated linear projections.
To appear in Linear Multilinear Algebra.
https://doi.org/10.1080/03081087.2021.1945526.

[2] S. Daptari, T. Paul, Uniqueness of Hahn–Banach extensions and some of its variants. (Communicated).
https://arxiv.org/abs/2202.00947.
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Let A and B be closed, convex and bounded subsets of a weakly sequentially complete Banach space E which
both are not weakly compact. Then there is a linear form x∗0 ∈ E∗ which does not attain its supremum on A and
on B. In particular, given any bounded subset A ⊂ E, if every x∗ ∈ E∗ either attains its supremum or infimum on
A, then A is weakly relatively compact.

The same happens for a finite family of closed, convex bounded but not weakly compact subsets.
The result only remains true in arbitrary Banach space assuming, for any two σ(E∗∗, E∗)-cluster points of A

and B in E∗∗ \ E, the fact that they generate vector subspace without nonzero vectors of E, i.e.: when

x∗∗0 ∈ A
σ(E∗∗,E∗) \ A and y∗∗0 ∈ B

σ(E∗∗,E∗) \ B

verify
co({x∗∗0 ,−x∗∗0 , y∗∗0 ,−y∗∗0 }) ∩ E = {0},

A known example shows that a multiset analogue for the Bishop-Phelps theorem is not true.
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The Koebe Problem and the Bieberbach Conjecture (now, De Brange’s Theorem) gave rise to Geometric Com-
plex Analysis, a subgenre of Complex Analysis that explores the relationship between the coefficients of the
power series of a function univalent in the central unit disk and the shape and characteristics of the image of
the central unit disk. The Koebe Problem considers all functions that are univalent in the unit disk and finds the
maximum radius of a central disk that fits inside the image of the central unit disk of every such function. The
Bieberbach Conjecture hypothesized that the kth term in the power series of a function univalent in the central
unit disk must satisfy |ak| ≤ k.

While these problems have been solved by the Koebe One-Quarter Theorem and De Brange’s Theorem for
general univalent functions, it becomes much more difficult when restricted to the case of univalent polynomials.
The Koebe problem for univalent polynomials with real coefficients is fully solved only for trinomials, which
means that in this case the Koebe radius and the extremal polynomial have been found. The famous T. Suffridge
polynomials satisfy the Bieberbach Conjecture in the case of univalent polynomials of degree n with maximal
leading coefficient |an| = 1

n as well as several related extremal properties.
Here, we consider extending these results to univalent polynomials with T-fold symmetry. The standard

symmetrization method T
√

F(zT) fails here since these polynomials become functions which are not polynomials.
How can we construct the polynomials with fold symmetry that solve the Koebe Problem or that have properties
similar to those of the Suffridge polynomials? This presentation is devoted to solving these questions for the case
of the trinomials F(z) = z + az1+T + bz1+2T.

Theorem 1. Let ST be the set of all univalent, schlicht normalized, T-Fold symmetric trinomials of degree 2T + 1 with real

coefficients, i.e. polynomials of the form

F(z) = z + azT+1 + bz2T+1.

Then S(T)(z) = z + a0zT+1 + b0z2T+1, where

a0 = 2
1 + T

1 + 2T
sin

π

2 + 2T
, b0 =

1
2T + 1

,

satisfies the following properties:

1. S(T)(z) is univalent for all positive integers T;

2. S(T)(z) is quasi-extremal for all positive integers T;

3. S(T)(z) has coefficients that are maximal in absolute value;

4. max
P∈ST

{
max
z∈D̄

{|P(z)|}
}

= S(T)(1);
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5. min
P∈ST

{
1

P(1)

∣∣∣P
(

ei π
T

)∣∣∣
}
= 1

S(T)(1)

∣∣∣S(T)
(

ei π
T

)∣∣∣.

Theorem 2. Let B(T)(z) = z + a0z1+T + b0z1+2T where

a0 =
2

2 + 3T

(
−T + (2 + 2T) cos

(
πT

2 + 3T

))
,

b0 =
1

2 + 3T

(
2 + T − 2T cos

(
πT

2 + 3T

))
.

Then,

min
F∈ST

min
z∈D̄

{|F(z)|} =
∣∣∣B(T)(eiπ/T)

∣∣∣ = 4 cos2
(

π(1 + T)

2 + 3T

)
.
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Our aims is to prove the inverse and direct theorems that give an estimate of approximation errors by means
of exponential type functions in Orlicz spaces LM(Rn) [1]. Note that the inverse theorem is usually identified
with Bernstein’s inequality, as well as, the direct theorem is identified with Jackson’s inequality.

The main result is that in the Bernstein and Jackson type inequalities we obtain the explicit dependence of
constants cs,τ on parameters of the approximation spaces Bs

τ(M) [2]. The essential in our approach is that the
approximation spaces Bs

τ(M) can be identified with the interpolation spaces obtained by the real method of in-
terpolation. Namely, Bs

τ(M) is the interpolation space between the subspace of exponential type functions EM and
LM(Rn). The spaces Bs

τ(M) are defined using a functional E (t, f ) = inf
{
‖ f − f0‖LM(Rn) : f0 ∈ EM, ‖ f0‖EM

≤ t
}

that plays a similar role as the module of smoothness. The constants cs,τ in obtained inequalities are expressed
using a normalization factor

Nϑ,q :=





(∫ ∞

0
tq(1−ϑ)−1(1 + t2)−q/2dt

)−1/q

if q < ∞,

ϑ−ϑ/2(1 − ϑ)−(1−ϑ)/2 if q = ∞,

that is determined by the parameters τ = ϑq and s = 1/ϑ − 1 of the approximation space Bs
τ(M) [3]. The

calculated constants in estimates are asymptotically exact in the sense that for a fixed ϑ (0 < ϑ < 1) the following
limit lim

q→∞
[q/(1− ϑ)]1/qϑ = 1 is valid.

[1] M.A. Krasnosel’skii, Ya.B. Rutickii, Convex Functions and Orlicz Spaces, Noordhoff, Groningen, 1961

[2] M. Dmytryshyn, O. Lopushansky, On Spectral Approximations of Unbounded Operators, Complex Anal. Oper.
Theory. 13(8) (2019), 3659–3673

[3] M. Dmytryshyn, Approximation by interpolation spectral subspaces of operators with discrete spectrum, Mat. Stud.
55(2) (2021), 162–170
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The talk is devoted to the problem of approximating of the functions of several variables by classes of func-
tional branched continued fractions. In particular, we construct a generalization of Gragg’s algorithm for comput-
ing the coefficients of a multidimensional A-fraction (J-fraction) with independent variables corresponding to a
given formal multiple Taylor (Lourent) series. Numerical experiments illustrate the efficiency of the constructed
algorithm for approximation of functions of several variables, which are represented by the mentioned-above
series.

[1] W.B. Gragg, Matrix interpretations and applications of the continued fraction algorithm, Rocky Mountain J. Math.
4(2) (1974), 213–225.
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For the first time, the growth of the number of populations was described with the help of logistic equality
(hr(x) = rx(1 − x), де r > 0), and later it was assumed that the logistic law is a universal law that describes the
growth of all living things. Economists and statisticians disagreed with this assumption, because the logistics
function clearly does not contain the parameter on which the population depends. Although the field of applica-
tion of logistic equality as a research tool has been defined, scientists of our time are looking for applications in
various fields.

For example, according to the statistics of coronavirus incidence, you can see the dynamics, for some time
the incidence increases, then decreases, and after some time increases and decreases again. Is there a logistical
dependence in this case?

Obviously, the parameter r will not be the same throughout the disease, because the virus "mutates", the
incidence increases faster, people are vaccinated, which will reduce the infection over time. However, we can
calculate the parameter r for the whole period of morbidity in Ukraine and we get that the logistical dependence
at a given value of the parameter exists only on some interval, which means that other intervals will have a
different value of the parameter.

We obtained that the parameter r < 1 (r ≈ 0.68), which means that the sequence goes to 0. Even after data
smoothing r ≈ 0, 94. It can be concluded that the incidence will decrease faster at such parameter values, if we
calculate the logistic equality at r ≈ 0.68, we can predict that in 7 years the incidence will decrease significantly
and several people will get sick from COVID-19 for one year.
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Consider the following Dirichlet problem:

fz = µ(z) · fz , (1)

lim
ζ→z

Re f (ζ) = ϕ(z) ∀ z ∈ ∂D , (2)

where ϕ : ∂D → R is a predefined continuous function. In what follows, we assume that D is some Jordan
domain in C.

Let D be a domain in Rn, n > 2, and let Ωn be a volume of the unit ball in Rn. We say that a function ψ : D → R

has a finite mean oscillation at a point x0 ∈ D, write ψ ∈ FMO(x0), if

lim sup
ε→0

1
Ωnεn

∫

B(x0, ε)

|ψ(x)− ψε| dm(x) < ∞ , (3)

where ψε = 1
Ωnεn

∫
B(x0, ε)

ψ(x) dm(x). A set A ⊂ D = {z ∈ C : |z| < 1} is called invariantly convex, if the set

g(A) is convex for any fractional linear automorphism g of the unit disk. Let M(z) ⊂ D, z ∈ C be some system
of sets (that is, for each z0 ∈ C the symbol M(z0) denotes some set in D). Denote by MM the set of all complex
measurable functions µ : C → D, such that µ(z) ∈ M(z) for almost all z ∈ C. We fix a point z0 ∈ D and a function
ϕ. Let M(z) ⊂ D, z ∈ D, be some system of sets. Let Fϕ,M,z0(D) be the class of all regular solutions f : D → C of
the Dirichlet problem (1)–(2) which satisfy the condition Im f (z0) = 0 such that µ ∈ MM. We define a function
QM(z) by the relation

QM(z) =
1 + qM(z)

1 − qM(z)
, qM(z) = sup

ν∈M(z)

|ν| , (4)

and we consider that QM(z) ≡ 1 for z ∈ C \ D.

Theorem. Let D be a simply connected Jordan domain in C, and let ϕ be a continuous function in (2). Let M(z),
z ∈ D, be a family of invariantly convex compact sets, and let QM be integrable in D and satisfies at least one of the

following conditions: either QM ∈ FMO(D), or

δ0∫

0

dt

tqMx0
(t)

= ∞ (5)

for any x0 ∈ D and some δ0 = δ(x0) > 0, where qMx0
(t) = 1

2π

2π∫
0

QM(x0 + teiθ) dθ. Then the family Fϕ,M,z0(D) is

compact in D.
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Measures and temperate distributions with discrete support and spectrum
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Consider a measure on Euclidean space with discrete support such that its distributional Fourier transform
also a measure with discrete support (so called crystalline measure). We investigate conditions for support of the
measure to be a finite union of translated full-rank lattices and give a complete description of such measures. The
proof is based on Cohen’s Idempotent Theorem and a new local analog of Wiener’s Theorem on trigonometric
series. Also we show generalizations of these results to temperate distributions with discrete support.

Best orthogonal trigonometric approximations of the Nikol’skii-Besov-type
classes of periodic functions of several variables

O.V. Fedunyk-Yaremchuk, S.B. Hembars’ka, S.M. Yatsyuk
Faculty of Information Technology and Mathematics, Lesya Ukrainka Volyn National University, Lutsk, Potapova Str. 9,

Ukraine
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We consider the classes BΩ
p,θ of periodic functions of several variables [1] with Ω(t) = ω

(
∏

d
j=1 tj

)
, where ω

is a given function (of one variable) of the type of a modulus of continuity of order l that satisfies the conditions
(Sα) and (Sl), which are called the Bari-Stechkin conditions [2]. For a certain choice of function Ω, the classes
BΩ

p,θ coincide with analogs of the well-known Nikol’skii-Besov classes Br
p,θ [3].

Let X be some normalized functional space with norm ‖ · ‖X and θM be any set of M d-dimensional vectors

kj = (k
j
1, . . . , k

j
d), j = 1, M, with integer coordinates. For f ∈ X we set SθM

( f ) = ∑
M
j=1 f̂ (kj)ei(k j,x), where f̂ (kj) are

the Fourier coefficients of a function f . We denote e⊥M( f )X = inf
θM

‖ f − SθM
( f )‖X.

If F ⊂ X is some functional class, we set

e⊥M(F)X = sup
f∈F

e⊥M( f )X.

Quantity e⊥M(F)X is called the best orthogonal trigonometric approximation of class F in the space X.
We obtain exact order estimates of the best orthogonal trigonometric approximations of the Nikol’skii-Besov-

type classes of periodic functions of several variables BΩ
1,θ in the space B∞,1, which norm is stronger than the

L∞-norm.

Theorem 1. Let d ≥ 2, 1 ≤ θ ≤ ∞, Ω(t) = ω
(

∏
d
j=1 tj

)
, where ω satisfies condition (Sα) with some α > 1 and

condition (Sl). Then for any sequence M = (Mn)∞
n=1 of natural numbers such that M ≍ 2nnd−1, the following relation

holds

e⊥M(BΩ
1,θ)B∞,1 ≍ ω(2−n)2nn(d−1)(1−1/θ).

[1] S. Yongsheng, W. Heping, Representation and approximation of multivariate periodic functions with bounded mixed

moduli of smoothness, Tr. Mat. Inst. Steklova, 219, (1997), 356–377.

[2] N.K. Bari, S.B. Stechkin, The best approximations and differential properties of two conjugate function, Trans.
Moscow Math. Soc., 5, (1956), 483–522.

[3] P.I. Lizorkin, S.M. Nikol’skii, Spaces of functions with mixed smoothness from the decomposition point of view, Tr.
Mat. Inst. Steklova, 187, (1989), 143–161.
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Second order differentiability and related topics in the Takagi class

J. Ferrera
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The Takagi function is a classical example of a continuous nowhere differentiable function, which has been
studied by a large number of authors over the years. In the mid-1980s, as a generalization of the Takagi func-
tion, Hata and Yamaguti introduced a new family of functions named the Takagi class which consists of all the
functions Tw : [0, 1] → R defined by

Tw(x) =
∞

∑
n=0

wn

2n
φ(2nx)

where φ(x) = dist(x, Z) and w = (wn)n is a sequence satisfying (2−nwn)n ∈ ℓ1. The Takagi class is a closed
subspace of the space of continuous functions with the sup norm.

A few years later, KГґno carried out a deep study of the differentiability properties of the functions belonging
to such class. More specifically, he proved that if w /∈ c0 then Tw is nowhere differentiable, if w ∈ c0 r ℓ2 then
Tw is not differentiable a.e. although the range of the derivative is R, and finally if w ∈ ℓ2 then Tw is absolutely
continuous and consequently differentiable a.e.

In this talk we will show some recent results concerning the second order differentiability of the functions
belonging to the Takagi class as well as the size of the sets where these properties hold. In particular, we will
characterize the set of points where these functions have a Taylor expansion of order two. Moreover, we will
also characterize when they satisfy a Stepanov condition of order two at a point. Finally, we will present some
interesting examples.

[1] J. Ferrera, J. Gómez Gil and J. Llorente, Infinite derivatives of the Takagi-Van der Waerden functions, J. Math. Anal.
Appl. 479 (1) (2019) 987–1003.

[2] J. Ferrera, J. Gómez Gil and J. Llorente, Superdifferential analysis of the Takagi-Van der Waerden functions, to
appear in Set-Valued Var. Anal.

[3] J. Ferrera, J. Gómez Gil and J. Llorente, Second order differentiability and related topics in the Takagi Class, to
appear in Real Anal. Exchange.

[4] M. Hata and M. Yamaguti, The Takagi function and its generalization, Japan J. Appl. Math. 1 (1) (1984)
183–199.

[5] N. Kôno, On generalized Takagi functions, Acta Math. Hungar. 49 (3–4) (1987) 315–324.

Grothendieck-type subsets of Banach lattices
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In the setting of Banach lattices the weak (resp. positive) Grothendieck spaces have been defined. Such notions
are localized by defining new classes of sets that we study and compare with some other quite related classes of
sets.

29



Infinite dimensional analogs of some finite dimensional theorems in
Quantum Information

Sh. Friedland
Department of Mathematics, Statistics and Computer Science, University of Illinois at Chicago, Chicago, 851 S. Morgan

Street, Illinois 60607, USA

friedlan@uic.edu

Quantum information (QI) science underwent an explosive development in recent years, in particular in the past
three decades. A number of recent books on this subject [1, 4, 5] discuss exclusively the finite dimensional setting.
It is of interest to extend some of the known results of QI to the infinite dimensional case. It seems that the right
setting for treating the finite dimensional quantum states and density matrices is to view the quantum states as
the Hilbert-Schmidt operators, and the density matrices as the trace class operators respectively.

We will discuss two specific examples: Infinite dimensional generalizations of Choi’s theorem [2], and Quan-
tum Strassen’s theorem [3].

[1] I. Bengtsson and K. Życzkowski, Geometry of Quantum States: An Introduction to Quantum Entanglement,
II ed. Cambridge University Press, 2017.

[2] S. Friedland, Infinite dimensional generalizations of Choi’s theorem, Spec. Matrices 7 (2019), 67-77.

[3] S. Friedland, J. Ge and L. Zhi, Quantum Strassen’s theorem, Infinite Dimensional Analysis, Quantum Prob-
ability and Related Topics, Vol. 23, No. 3 (2020) 2050020 (29 pages).

[4] M.A. Nielsen and I.L. Chuang, Quantum Computation and Quantum Information, Cambridge University Press,
2000.

[5] J. Watrous, The Theory of Quantum Information, Cambridge University Press, 2018.

Residuality of the set of the Gurariı̆operators
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An operator U : V → W between Banach spaces is defined to be universal if for every operator T : X → Y with
‖T‖ ≤ ‖U‖, there exist linear isometric embeddings i : X → V, j : Y → W such that U ◦ i = j ◦ T.

An operator G : X → Y between Banach spaces is called Gurariı̆ if G is nonexpansive and for any ε > 0, any
nonexpansive operator T : A → B between finite-dimensional Banach spaces, any Banach subspaces A0 ⊆ A,
B0 ⊆ B with T[A0] ⊆ B0, and any isometric embeddings i0 : A0 ⊆ X, j0 : B0 ⊆ Y with G ◦ i0 = j0 ◦ T↾A0

, there
exist ε-isometric embeddings i : A → X and j : B → Y such that i↾A0

= i0, j↾B0
= j0 and G ◦ i = j ◦ T.

In [1] was presented several characterizations of Gurariı̆ operators. The main result shows that the Gurariı̆
operators form a dense Gδ-set in the space B(G) of all nonexpansive operators on the Gurariı̆ space G, endowed
with the strong operator topology. This implies that universal operators on G form a residual set in B(G).

[1] T. Banakh, J. Garbulińska-Wȩgrzyn, Gurariı̆ operators are generic, preprint.

[2] J. Garbulińska-Wȩgrzyn, W. Kubiś, A universal operator on the Gurarii space, Journal of Operator Theory 73

(2015) 143–158.
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Walash System

Let

x =
∞

∑
n=0

xn2−(n+1)

be the dyadic expansion of x ∈ I, where xn = 0 or 1 and if x is a dyadic rational number we choose the expansion
which terminate in 0′s.

For any given n ∈ N it is possible to write n uniquely as

n =
∞

∑
k=0

εk (n) 2k,

where εk (n) = 0 or 1 for k ∈ N. This expression will be called the binary expansion of n and the numbers εk (n)

will be called the binary coefficients of n.
Set the definition of the nth (n ∈ N) Walsh-Paley function at point x ∈ I as:

wn (x) = (−1)

∞

∑
j=0

ε j(n)x j

.

Partial Sums of Walsh-Fourier Series

The partial sums of the Walsh-Fourier series are defined as follows:

Sm( f , x) =
m−1

∑
j=0

f̂ (j)wj(x),

where the number
f̂ (j) =

∫

I

f wj

is said to be the jth Walsh-Fourier coefficient of the function f .

• A class of increasing sequences of natural numbers (nk) is found for which there exists a function

f ∈ L[0, 1) such that the subsequence of partial Walsh-Fourier sums (Snk
( f )) diverges everywhere. A

condition for the growth order of a function ϕ : [0, ∞) → [0, ∞) is given fulfilment of which implies an

existence of above type function f in the class ϕ(L)[0, 1).

Cesàro Means With Varying Parameters of Walsh-Fourier Series

The (C, αn) means of the Walsh-Fourier series of the function f is given by

σαn
n ( f , x) =

1
Aαn

n−1

n

∑
j=1

Aαn−1
n−j Sj( f , x),

where

Aαn
n :=

(1 + αn) . . . (n + αn)

n!
for any n ∈ N, αn 6= −1,−2, . . . .

• we prove the almost everywhere convergence and divergence of subsequences of Cesàro means with

zero tending parameters of Walsh-Fourier series.

The author is very thankful to United Arab Emirates University (UAEU) for the Start-up Grant 12S100.
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Let R be a local Noetherian domain with the maximal ideal M, b ∈ M and fn ∈ R (n = 0, 1, 2, ...). Consider
the following linear difference equation over R:

bxn+1 = xn − fn, n = 0, 1, 2, ... (1)

Since b is non-invertible, this equation is said to be implicit. We present results about existence and uniqueness
of quasi-polynomial solutions over R of Equation (1) and more general equation

bxn+1 = axn − fn, n = 0, 1, 2, ...,

where a ∈ R.

Theorem 1. If Equation (1) has a solution over R, then the series

xn =
∞

∑
k=0

bk fn+k, n = 0, 1, 2, . . .

converge in R in M-adic topology. In this case the secuence {xn}∞
n=0 is a unique solution of (1) over R.

Theorem 2. Suppose R has a characteristics zero, λ, pj ∈ R (j = 0, ..., s), λ 6= 0, and a is an invertible element of R. Then

there exists a unique solution over R of the equation

bxn+1 = axn − λn
s

∑
j=0

pjn
j, n = 0, 1, 2, . . . .

It has the form

xn = λn
∞

∑
k=0

a−k−1bkλk
s

∑
j=0

pj

j

∑
r=0

Cr
j kj−rnr, n = 0, 1, 2, ...,

where all the series converge in the ring R with respect to the M-adic topology.

On Hilbert spaces of symmetric analytic functions
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We construct a Hilbert space of symmetric analytic functions on ℓ1 and an isomorphism to the symmetric Fock
space. Using this isomorphism we can apply combinatorial methods to the symmetric Fock space and operators
on this space.

Let X = ℓ1 and S be the group of permutations of basis vectors. A function f on ℓ1 is said to be symmetric if
it is invariant with respect to the all permutations in S. We denote by Ps(ℓ1) the algebra of all continuous sym-
metric polynomials on ℓ1. A sequence of polynomials {Qn}∞

n=1 is said to be an algebraic basis of Ps(ℓ1) if every
P ∈ Ps(ℓ1) can be uniquely represented as an algebraic combination of polynomials in {Qn}∞

n=1. The following al-
gebraic bases are important: the basis of power series Pk(x) = ∑

∞
n=1 xk

n; the basis of elementary symmetric polynomials

Gk(x) = ∑n1<n2<···<nk
xn1 . . . xnk

; the basis of complete symmetric polynomials Hk(x) = ∑n1≤n2≤···≤nk
xn1 . . . xnk

.
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Let λ = (λ1, λ2, . . . , λm) be a partition of a natural number n. Then it can be represented as
(
1m1 , 2m2 , . . . , rmr , . . .

)
.

Set zλ = ∏r≥1(r
mrmr !), Qn = Pn/

√
n, and Qλ = Qλ1

· · · Qλn
. Denote Hz

s the completion of Ps(ℓ1) with respect to
a special norm such that polynomials Qλ form an orthogonal basis with ‖Qλ‖ =

√
|λ|!.

Let E be a complex Hilbert space endowed with the scalar product (u|v)E and the norm ‖u‖E = (u | u)1/2
E ,

u, v ∈ E and (ei)
∞
i=1 be an orthonormal basis in E. For every n ∈ N the nth tensor power ⊗nE is defined to be

complex linear span of elements {u1 ⊗ · · · ⊗ un : u1, . . . , un ∈ E}. We define the symmetric Fock space Fs over a

given Hilbert space E as the completion of C ⊕ E ⊕⊗2
s E ⊕ · · · ⊕ ⊗n

s E ⊕ · · · . with respect to the Euclidian norm so
that

〈e⊗(k)
[i]

| e
⊗(m)
[j]

〉 = 0 if ([i], (k)) 6= ([j], (m)) and 〈e⊗(k)
[i]

| e
⊗(k)
[i]

〉 = |(k)|!.

Theorem 1. The linear map I : Fs → Hz
s such that I : eλ → Qλ is an isometric isomorphism and if u ⊗s v ∈ Fs for some

u, v ∈ Fs, then I(u ⊗s v) = I(u)I(v).

Periodic, permanent, and extinct solutions to population models
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Departamento de Matemática, Facultad de Ciencias, Universidad del Bío-Bío, Casilla 5-C, Concepción, VIII-Región, Chile

jooyarce@egresados.ubiobio.cl

The existence of a critical parameter λc > 0 is proven for some population models, that splits the set of
parameters into two parts where the existence, resp. nonexistence, of a positive periodic solution is guaranteed.
Moreover, it is shown that in a quite wide class of population models, all the positive solutions are permanent,
resp. extinct ones, provided there exists, resp. does not exist, a positive periodic solution. The results are based
on a theoretical research dealing with a boundary value problem for functional differential equation with a real
parameter

u′(t) = ℓ(u)(t) + λF(u)(t) for a. e. t ∈ [a, b], h(u) = 0,

where ℓ and F : C([a, b]; R) → L([a, b]; R) are, respectively, linear and nonlinear operators, h : C([a, b]; R) → R is
a linear functional, and λ ∈ R is a real parameter.

Kaplan classes for the zeros of a certain class of finite products
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ORCID: 0000-0001-8288-2833
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The presented results concern a certain class of finite products of the form

D ∋ z 7→ Fn(z; Tn; Pn) :=
n

∏
k=1

(
1 − ze−itk

)pk
(1)

where N ∋ n 7→ Tn := (t1, t2, . . . , tn) is an increasing sequence of values from [0; 2π) such that t1 := 0 and
N ∋ n 7→ Pn := (p1, p2, . . . , pn) is a sequence of real numbers of the same sign. The first results for polynomials
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with all zeros on unit circle T (when Pn is a sequence of natural numbers) were given by Jahangiri [3] in terms
of a gap condition. Complete membership to Kaplan classes for the polynomials was presented in [1]. In [2], the
authors carried out complete membership to Kaplan classes of finite products of the form similar to (1), but with
zeros symmetrically situated in T. The presented results generalize ones from [1] and [2]. An interpretation of
the obtained gap condition in terms of mass and density is given.

The presentation is based on the results obtained together with Maciej Parol.

[1] S. Ignaciuk, M. Parol, Zeros of complex polynomials and Kaplan classes, Analysis Mathematica 46 (2020), 769–779.
DOI: https://doi.org/10.1007/s10476-020-0044-8.

[2] S. Ignaciuk, M. Parol, Kaplan classes of a certain family of functions, Annales UMCS Sectio A Mathematica 74(2)

(2020), 31-40. DOI: https://doi.org/10.17951/a.2020.74.2.31-40.

[3] M. Jahangiri, A gap condition for the zeroes of certain polynomials in Kaplan classes K(α, β), Mathematika 34

(1987), 53–63.

Inverse problem for degenerate parabolic equation
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In a domain QT = {(x, t) : 0 < x < h, 0 < t < T} we consider the coefficient inverse problem for the
degenerate parabolic equation

ut = a(t)tβuxx + (b1(t)x + b2(t))ux + c(x, t)u + f (x, t) (1)

with initial condition
u(x, 0) = ϕ(x), x ∈ [0, h], (2)

boundary conditions
u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T] (3)

and overdetermination conditions.

h∫

0

u(x, t)dx = µ3(t),
h∫

0

xu(x, t)dx = µ4(t), t ∈ [0, T]. (4)

It is known that a(t) > 0, t ∈ [0, T]. The minor coefficient of the equation is a polynomial of the first power
with respect to the space variable with two unknown time-dependent functions b1 = b1(t), b2 = b2(t) . The case
of strong degeneration (β ≥ 1) is investigated.

Theorem 1. Suppose that the following conditions hold:

A1) ϕ ∈ C2[0, h], µi ∈ C1[0, T], i ∈ 1, 4, a ∈ C[0, T], a(t) > 0, t ∈ [0, T], c, f ∈ C(QT) and satisfy the Hölder

condition with respect to x uniformly to t;

A2) (hµ2(t)− µ3(t))
2 − (µ2(t)− µ1(t))(h

2µ2(t)− 2µ4(t)) 6= 0, t ∈ [0, T];
A3) | f (x, t)| ≤ A1tγ, |c(x, t)| ≤ A2tγ, (x, t) ∈ QT , |µ′

3(t)| ≤ A3tγ, |µ′
4(t)| ≤ A4tγ, t ∈ [0, T], where Ai,

i = 1, 2, 3, 4 are some positive known constants and γ >
β−1

2 is an arbitrary fixed number;

A4) µ1(0) = ϕ(0), µ2(0) = ϕ(h),
h∫

0
ϕ(x)dx = µ3(0),

h∫
0

xϕ(x)dx = µ4(0).
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Then there exists unique solution (b1, b2, u) ∈ (C[0, T0])
2 × C2,1(QT0) ∩ C(QT0

), |b1(t)| ≤ M1tη, |b2(t)| ≤ M2tη

with η = min{γ, β+1
2 } to the problem (1)-(4), where M1 > 0, M2 > 0 and T0, 0 < T0 ≤ T are defined by the problem

data.

To prove the existence of the solution to the problem (1)-(4) we use the apparatus of Green’s functions for the
heat equation and Schauder fixed point theorem. The uniqueness of the solution is based on the properties of the
solutions to the homogeneous integral equations with integrable kernels.

Generalized selfadjointness of operators generated by Jacobi Hermitian
matrices

I.Ya. Ivasiuk
Department of Mathematical and Functional Analysis, Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk,

Shevchenko street 57, Ukraine

ivan.ivasiuk@pnu.edu.ua

The notion of generalized selfadjointness of operators have been widely investigated in [1, 2] with respect to
problem of its eigenvalue expansion. Thus in the work [2] the following problem appears: authors were trying to
construct example of following type: in some Hilbert space rigging

H− ⊃ H0 ⊃ H+ (1)

they were looking for an operator A : H+ → H− with dense domain D(A) in H+, which action in space H0

is selfadjoint, i.e. A : H0 → H0 is selfadjoint, but the operator A : H+ → H− is not generalized selfadjoint.
It is shown that such an example can not be constructed. The counterexample is given using Jacoby Hermitian
matrices.

Also we explain more clearly the notion of generalized selfadjointness of operators generated by classical
Jacobi Hermitian matrices. Following theorem shows that any Jacoby matrix can generate generalized selfadjoint
operator.

Theorem 1. Let G is arbitrary classical Jacoby matrix. Then such Hilbert space rigging

l2(p−1) ⊃ l2 ⊃ l2(p), (2)

exists that G : ℓ2(p) → ℓ2(p−1) is bounded and generalized selfadjoint and D(G) = l2(p).

Analogical statement we prove for operators generated by generalized Jacobi matrices.

[1] Yu. M. Berezanskii, Expansions in Eigenfunctions of Selfadjoint Operators, Amer. Math. Soc., Providence,
RI, 1968. (Russian edition: Naukova dumka, Kiev, 1965).

[2] Yurij M. Berezansky and Johannes Brasche, Generalized selfadjoint operators and their singular perturbations,
Methods Funct. Anal. Topology 8 (2002), no. 4, 1–14.

[3] Ivan Ya. Ivasiuk, Generalized selfadjointness of differentiation operator on weight Hilbert space, Methods Funct.
Anal. Topology 13 (2007), no. 4, 333–337.
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On Wick calculus and stochastic integration on spaces of regular test
functions in the Lévy white noise analysis

N.A. Kachanovsky
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nkachano@gmail.com

A theory of test and generalized functions with arguments belonging to infinite-dimensional spaces has many
applications in different areas of modern mathematics and physics. One of the most successful approaches to
building of such a theory consists in introduction of spaces of the above-mentioned functions in a way that
the pairing between test and generalized functions is generated by integration with respect to some probability
measure on a dual nuclear space. Important results can be obtained when this measure is a measure of a white
noise (in particular, the Lévy white noise measure, e.g., [3, 1]), the corresponding theory is called a white noise
analysis (for the Lévy measure—the Lévy white noise analysis).

As is known, in various versions of a white noise analysis a natural multiplication on spaces of general-
ized functions is a so-called Wick multiplication. In particular, using this multiplication, one can take a time-
independent multiplier out of the sign of an extended stochastic integral. Moreover, such a result holds true for
a Pettis integral (a weak integral). Also, the extended stochastic integral can be presented as a Pettis integral (or
a formal Pettis integral—depending on the concrete situation) from the Wick product of the original integrand by
the corresponding white noise. Similar results hold true on spaces of test functions.

In this talk we introduce elements of a Wick calculus on the spaces of regular test functions of the Lévy white
noise analysis [2], describe in detail the above-mentioned properties of stochastic and Pettis integrals on these
spaces, and consider some related topics (in particular, a Pettis integral over a set of infinite Lebesgue measure
and a Wick product under the sign of this integral).

[1] G. Di Nunno, B. Oksendal, and F. Proske, Malliavin Calculus for Lévy Processes with Applications to Fi-
nance, Universitext. Springer-Verlag, Berlin, 2009

[2] N.A. Kachanovsky, Extended stochastic integrals with respect to a Lévy process on spaces of generalized functions,
Mathematical Bulletin of Taras Shevchenko Scientific Society 10 (2013), 169–188

[3] E.W. Lytvynov, Orthogonal decompositions for Lévy processes with an application to the gamma, Pascal, and Meixner

processes, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 6(1) (2003), 73–102

On approximation of functions from the Weyl–Nagy classes by the
generalized Abel–Poisson integrals

I.V. Kal’chuk, Yu.I. Kharkevych
Faculty of Information Technology and Mathematics, Lesya Ukrainka Volyn National University, Lutsk, Potapova Str. 9,

Ukraine

k.inna.80@gmail.com, kharkevich.juriy@gmail.com

Let f ∈ L, r > 0 and β be a real number. If the series

∞

∑
k=1

kr
(

ak cos
(

kx +
βπ

2

)
+ bk sin

(
kx +

βπ

2

))

is the Fourier series of a summable function, then it is denoted by f r
β and is called the (r, β)-derivative of the

function f in the Weyl–Nagy sense (see, e.g., [1]). Let Wr
β,∞ be the classes of the functions f for which

∥∥ f r
β(·)

∥∥
∞
≤

1.
For 2π-periodic summable on the period function f , by

Pγ(δ; f ; x) =
1
π

π∫

−π

f (x + t)

{
1
2
+

∞

∑
k=1

e−
kγ

δ cos kt

}
dt, δ > 0, 0 < γ ≤ 2,
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we denote the generalized Abel–Poisson integral (see, e.g., [2]).
The aim of this paper is to study the asymptotic behavior of the quantity

E(Wr
β,∞ ; Pγ(δ))C = sup

f∈Wr
β,∞

‖ f (·)− Pγ(δ, f , ·)‖C

as δ → ∞.

Theorem 1. Let r > γ. Then the following asymptotic equality holds as δ → ∞:

E
(

Wr
β,∞; Pγ(δ)

)
C
=

1
δ

sup
f∈Wr

β,∞

∥∥ f
γ
0 (·)

∥∥
C + O(Υ(δ, r, γ)),

where f
γ
0 (x) is (r, β)-derivative in the Weyl–Nagy sense as r = γ, β = 0 and

Υ(δ, r, γ) =





1
( γ√δ)r

, γ < r < 2γ,
ln δ
δ2 , r = 2γ,
1
δ2 , r > 2γ.

[1] A.I. Stepanets, Methods of Approximation Theory, VSP: Leiden, The Netherlands, Boston, MA, USA, 2005.

[2] L.P. Falaleev, On approximation of functions by generalized Abel–Poisson operators, Sib. Math. J., 42 (2001) 779–788.

Completeness in topological vector spaces and filters on N

V. Kadets, D. Seliutin
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We are going to speak about results and open problems from [1], where we study completeness of a topolog-
ical vector space (TVS for short) with respect to different filters on N.

Let X be a TVS and F be a free filter on N. A sequence (xn) in X is said to be a Cauchy sequence over F, if for
every neighborhood U of zero in X there exists B ∈ F such that xn − xm ∈ U for all n, m ∈ B. The space X is said
to be complete over F, if every Cauchy sequence over F in X has a limit over F.

In the metrizable case all these kinds of completeness are the same, but in non-metrizable case the situation
changes. For example, we show that a space may be complete with respect to one ultrafilter on N, but incomplete
with respect to another one. Many natural questions remain open.

Question 1. Is there a combinatorial description of those filters F on N for which the sequential completeness of a TVS

implies its F-completeness?

Question 2. Does there exist a “universal” ultrafilter U on N, such that completeness over U implies the completeness over

all other ultrafilters on N? Is the existence of such U consistent with ZFC axioms?

Question 3. For a given TVS X denote Compl(X) the set of those filters F for which X is complete over F. Are there any

topological restrictions on the intersection of Compl(X) with the space βN of all ultrafilters?

[1] V. Kadets and D. Seliutin, Completeness in topological vector spaces and filters on N, arXiv:2106.15192. To appear
in Bulletin of the Belgian Mathematical Society - Simon Stevin.
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A set of points of uniform convergence

O. Karlova
Jan Kochanowski University in Kielce, Poland;
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We characterize the uniform convergence points set of a pointwisely convergent sequence of real-valued func-
tions defined on a perfectly normal space. We prove that if X is a perfectly normal space which can be covered by
a disjoint sequence of dense subsets and A ⊆ X, then A is the set of points of the uniform convergence for some
convergent sequence ( fn)n∈ω of functions fn : X → R if and only if A is Gδ-set which contains all isolated points
of X. This result generalizes a theorem of Ján Borsík from [1] and was published in [2].

[1] Borsik, J.: Points of uniform convergence and quasicontinuity, Eur. J. Math. (2019).

[2] Karlova O. A characterization of the uniform convergence points set of some convergent sequence of functions, Math.
Slovaca 71 (2) (2021), 423–428.

Maximal noncompactness of singular integral operators with constant
coefficients and the backward shift

O. Karlovych
Centro de Matemática e Aplicações, Departamento de Matemática, Faculdade de Ciências e Tecnologia, Universidade Nova

de Lisboa, Quinta da Torre, 2829–516 Caparica, Portugal

oyk@fct.unl.pt

Let X be a rearrangement-invariant Banach function space on the unit circle T and let H[X] be the abstract Hardy

space built upon X. We prove that if the Hilbert transform (H f )(t) = 1
πi

∫
T

f (τ)
τ−t dτ is bounded on the space X,

then the norm, the essential norm, and the measure of non-compactness of the operator aI + bH with a, b ∈ C,
acting on the space X, coincide. We also show that the backward shift operator (S f )(t) = ( f (t) − f̂ (0))/t is
bounded on the abstract Hardy space H[X] and its norm, its essential norm, and its measure of non-compactness
are all the same. Our results extend those by Krupnik and Polonskii (1975) for the operator aI + bH and by
Shargorodsky (2021) for the operator S. This is a joint work with Eugene Shargorodsky (King’s College London,
United Kingdom).

[1] O. Karlovych and E. Shargorodsky, On the essential norms of singular integral operators with constant coef-
ficients and of the backward shift, Proc. Amer. Math. Soc. Ser. B 9 (2022), 60-70.
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Existence and stability of traveling waves in parabolic systems of
differential equations with weak diffusion
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Consider the equation [1–3]

∂u

∂t
= iω0u + ε

[
(γ + iδ)

∂2u

∂x2 + (α + iβ)u

]
+ (d0 + ic0)u

2u (1)

with periodic boundary condition
u(t, x + 2π) = u(t, x), (2)

where ε is a small positive parameter.

Theorem 1. If ω0 > 0, α > 0, γ > 0, d0 < 0 and the condition α > γn2 is satisfied for some n ∈ Z. Then for some

ε0 > 0, 0 < ε < ε0, the periodic on t solutions

un = un(t, x) =
√

εrn exp(i(χn(ε)t + nx)) +O(ε)

of the boundary value problem (1), (2) exists. Here rn =
√
(α − n2γ) |d0|−1, χn(ε) = ω0 + εβ + εc0r2

n − εδn2, n ∈ Z.

These solutions are exponentially orbitally stable if and only if the condition

(d0r2
n − γk2)2(γ2k2 + δ2k2 − 2γd0r2

n − 4γ2n2 − 2δc0r2
n) > 4γ2n2(c0r2

n − δk2)2

is satisfied for all k ∈ Z\{0}.

[1] I. Klevchuk, Existence of countably many cycles in hyperbolic systems of differential equations with transformed

argument, J. Math. Sci. 215(3) (2016), 341–349
[2] I. Klevchuk, Bifurcation of self-excited vibrations for parabolic systems with retarded argument and weak diffusion, J.

Math. Sci. 226(3) (2017), 285–295

[3] I. Klevchuk, Bifurcation of the state of equilibrium in the system of nonlinear parabolic equations with transformed

argument, Ukrainian Math. J. 51(10) (1999), 1521–1524

A Riemann–Hilbert approach to the modified Camassa–Holm equation
with step-like boundary conditions
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We develop the Riemann–Hilbert (RH) approach for the modified Camassa–Holm (mCH) equation on the line
with non-zero boundary conditions, in the case when the solution is assumed to approach two different constants
at different sides of the line. We present detailed properties of spectral functions associated with the initial data
for the Cauchy problem for the mCH equation and obtain a representation for the solution of this problem in
terms of the solution of an associated RH problem.
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[1] A. Boutet de Monvel, I. Karpenko, D. Shepelsky, A Riemann-Hilbert approach to the modified Camassa–Holm

equation with nonzero boundary conditions, J. Math. Phys. 61(3) (2020), 031504, 24

[2] I. Karpenko, D. Shepelsky, G. Teschl A Riemann–Hilbert approach to the modified Camassa–Holm equation with

step-like boundary conditions, arXiv:2203.05302

On non-linear mappings preserving the semi-inner product
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We say that a smooth normed space X has a property (SL), if every mapping f : X → X preserving the semi-
inner product on X is linear. It is well known that every Hilbert space has the property (SL) and the same is true
for every finite-dimensional smooth normed space. We establish several new results concerning the property
(SL). We give a simple example of a smooth and strictly convex Banach space which is isomorphic to the space
ℓp, but without the property (SL). Moreover, we provide a characterization of the property (SL) in the class of
reflexive smooth Banach spaces in terms of subspaces of quotient spaces. As a consequence, we prove that the
space ℓp have the property (SL) for every 1 < p < ∞. Finally, using a variant of the Gowers-Maurey space,
we construct an infinite-dimensional uniformly smooth Banach space X such that every smooth Banach space
isomorphic to X has the property (SL). This is a joint work with Paweł Wójcik from Pedagogical University of
Cracow.

[1] T. Kobos, P. Wójcik, On non-linear mappings preserving the semi-inner product, arXiv: 2204.06281 (2022).

On an Optimal Control Problem for Perona-Malik Equation
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We discuss the existence of solutions to the following optimal control problem for Perona-Malik equations

(R) Minimize J(v, u) =
1
2

∫

Ω
|u − ud|2 dx +

λ

2

∫

Ω
|∇u|2 dx +

γ

2

∫

Ω
|v|2 dx

+
∫

Ω

∣∣∣∣D
(

1
1 + |∇u|2

)∣∣∣∣

subject to the constraints

−div
( ∇u

1 + |∇u|2
)
+ αu = v in Ω,

∂νu = 0 on ∂Ω,

0 ≤ u(x) ≤ M a.e. in Ω,

v ∈ Vad := L2(Ω).
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Here, Ω is a bounded open subset of RN , N ≥ 2, with a Lipschitz boundary ∂Ω, ∂ν stands for the outward normal
derivative, ud ∈ L∞(Ω) is a given function, α, λ, γ, M > 0 are given constants, and

g (|∇u|) = 1
1 + |∇u|2 .

The control variable v is taken as a distributed control. The optimal control problem is to minimize the dis-
crepancy between a given distribution ud ∈ L2(Ω) and the current system state. We deal with such case of
non-linearity when we cannot expect to have a solution of the original boundary value problem for each admissi-
ble control. Instead of this we make use of a variant of its approximation using the model with fictitious control in
coefficients of the principle elliptic operator. We introduce a special family of regularized optimization problems
and show that each of these problems is consistent, well-posed, and their solutions allow to attain (in the limit)
an optimal solution of the original problem as the parameter of regularization tends to zero. As a consequence,
we establish sufficient conditions of the existence of optimal solutions to the given class of nonlinear Dirichlet
BVP and derive some optimality conditions for the approximating problems.

In spite of the fact that there are a lot of numerical results obtained, in particular, in image processing and
using the equations with the similar type of non-linearity, the boundary value problem (BVP) for the Perona-
Malik equation is ill-posed due to the degenerate behavior of the multiplayer g(|∇u|), g(|∇u|) −→ 0 as the
gradient |∇u| tends to infinity. Because of this the question about existence and uniqueness of the underlying
boundary value problem and the corresponding optimal control problem remain open for nowadays.

Operations on the space of quotient maps

K.M. Koporkh
Department of Mathematics and Computer Science, Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, 57

Shevchenko St., Ukraine

kateryna.koporkh@pnu.edu.ua

Let X, Y be compact Hausdorff spaces. Following E.Shchepin [1] we say that two continuous onto maps
fi : X → Yi, i = 1, 2, are equivalent (written f1 ∼ f2) provided that there exists a homeomorphism h : Y1 → Y2

such that f2 = h f1 (here Y1, Y2 are also compact Hausdorff spaces).
The set Φ(X) = {[ f ] | f is an onto map of compact Hausdorff spaces } of equivalence classes can be topol-

ogized in different ways. This can be done by identifying every [ f ] ∈ Φ(X), for f : X → Y, with the set of
f∗(C(Y)) ∈ CL(C(X)), where CL(C(X)) stands for the set of nonempty closed subsets of the Banach space C(X)

of the continuous functions on X, and topologizing Φ(X) with one of different topologies on the space CL(C(X)).
In the sequel, we consider the Wijsman topology on the set CL(C(X)) (see [2]).

Consider the natural partial order on the set Φ(X). Let [ f ], [g] ∈ Φ(X). The element [ f ] is smaller (narrower)
than [g] (denote [ f ] � [g]) if g(x) = g(y) implies f (x) = f (y) (equivalently, for all x ∈ X have g−1(g(x)) ⊆
f −1( f (x)) (see [1])).

Theorem 1. The natural partial order is continuous on the set Φ(X).

By Ψ(X) we denote the subset in Φ(X) consisting of the equivalence classes of open maps. The set Ψ(X) can
be endowed with the natural topology by the following procedure. Given the equivalence class 〈 f 〉 ∈ Ψ(X) of
f : X → Y, we identify it with the family { f −1(y) | y ∈ Y} = { f −1( f (x)) | x ∈ X} of closed subset of X. Since f

is open, we see that 〈 f 〉 ∈ exp(exp X) = exp2 X. Thus, one may consider Ψ(X) with the topology generated by
the (double) Vietoris topology on exp2 X.

Let 〈 f1〉; 〈 f2〉 be elements of (Ψ(X), τV). We define the multiplication tensor map

u : Ψ(X1)× Ψ(X2) −→ Ψ(X1 × X2)

by the formula
u(〈 f1〉, 〈 f2〉) = 〈 f1 × f2〉
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where
〈 f1 × f2〉 : X1 × X2 −→ Y1 ×Y2

is defined as
〈 f1 × f2(x1, x2) = ( f1(x1), f2(x2)).

Theorem 2. The map u : Ψ(X1)× Ψ(X2) −→ Ψ(X1 × X2) is continuous on the space of open quotient maps.

[1] E.V. Shchepin, Functors and uncountable powers of compacta, Uspekhi mat. nauk, 36(1983), no.3, 3–62. M.

[2] G.Beer, Topologies on Closed and Closed Convex Sets, Kluwer, Dordrecht, 1993. p. 340.

On the feedback synthesis problem for robust linear system
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We consider the synthesis problem for an autonomous linear system with continuous bounded unknown per-

turbations:
ẋ = (A + R(t, x))x + Bu, (1)

where t ≥ 0, x ∈ Q ⊂ Rn, Q is a neighborhood of the origin; u ∈ Rr is a control satisfying the constraint ‖u‖ ≤ d;
A and B are given constant matrices, R(t, x) = (rij(t, x))n

i,j=1.
We assume that the system ẋ = Ax + Bu is a completely controllable.
We assume that functions rij(t, x) are unknown functions and max

i,j
| rij(t, x) |≤ ∆ for all (t, x) ∈ [0,+∞)× Q.

The local feedback synthesis problem consists in constructing a control of the form u = u(x), such that:
1) ‖u(x)‖ ≤ d;
2) the trajectory x(t) of the closed-loop system, starting at any initial point x0 ∈ Q, ends at the origin in a finite

time (settling-time function) T(x0), that is, lim
t→T(x0)

x(t) = 0. We emphasize that trajectory ends at the origin in a

finite time and remains there (does not leave the origin).
The approach presented in the talk is based on the Controllability Function method proposed by V. I. Korobov

in 1979. In [2, 1], one of possible approaches to the solution to the feedback synthesis problem is proposed. In
these works, a control u(x) which solves the synthesis problem is constructed.

For the closed-loop system (1) with the control u(x) the problem of finding such range of perturbations ∆,
that the trajectory x(t) starting at any initial point x(0) = x0 ∈ Q ends at the origin in a finite time (settling-time
function) T(x0) is said to be the local feedback synthesis for robust system (1).

We give sufficient conditions to construct a bounded control which steers an initial point x0 ∈ Q to the origin
in a finite time (settling-time function) for any perturbation matrix R(t, x). Therefore, the control contributes the
robust stability of the system.

[1] V. I. Korobov, Controllability function method, R&C Dynamics, M.-Izhevsk, 2007 (in Russian)

[2] V. I. Korobov, G. M. Sklyar, Methods for constructing positional controls, and a feasible maximum principle, Dif.
Equ. 26(11) (1990), 1422–1431, translation from Differentsial’nye Uravneniya, 26(11) (1990), 1914–1924.

[3] V. I. Korobov, T. V. Revina, On perturbation range in the feedback synthesis problem for a chain of integrators system,
IMA J. Math. Control and Information. 38(1) (2021), 396–416.
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On uniform convergence of some sequences defined by Chebyshev
polynomials

M. Kosek
Institute of Mathematics, Faculty of Mathematics and Computer Science, Jagiellonian University, Krakуw, ul. Łojasiewicza 6,

Poland

Marta.Kosek@uj.edu.pl

For an integer d let Td stand for the d-th Chebyshev polynomial. Fix any sequence (dn)∞
n=1 ⊂ {2, 3, ...} and

consider the functional sequence
(

1
d1

· . . . · 1
dn

log+
∣∣Tdk

◦ . . . ◦ Td1

∣∣
)∞

n=1
.

We show that this sequence is uniformly convergent. Moreover the limit does not depend on the choice of the
sequence of integers (dn)∞

n=1.
We discuss the special case of the constant sequence of integers and some other related subjects.

[1] M. Kosek, Joukowski and Green, Chebyshev and Julia, Dolomites Res. Notes Approx. 14 (2021), Special issue
dedicated to Mirosław Baran on the occasion of his 60th birthday, 59–65.

Regular sets and separately continuous functions

M. Kozlovskyi
Yurii Fedkovych Chernivtsi National University, Ukraine

kozlovskyi.mykola@chnu.edu.ua

It is important to study a problem on construction of a separately continuous function f : X × Y → R with
a given discontinuity points set of special rectangular type A × B, where A ⊆ X and B ⊆ Y. In particular, this
problem was investigated in [1-3].

The subset A in a topological space X is called regular, if there exists a continuous function ϕ : X → [0, 1] such
that

1. A = ϕ−1(0);

2. for every a ∈ A and a neighborhood U of a there exists an integer n ∈ N such that

ϕ(U) ∩
[

1
2k

,
1

2k−1

]
6= ∅

for every k ≥ n.

The subset A in a topological space X is bilaterally separable if there exist a sequence (an)∞
n=1 of points an ∈ A

and family (xnk : n ∈ N, k ∈ N) of points xnk ∈ X \ A such that

1. A ⊆ {an : n ∈ N};

2. lim
k→∞

xnk = an for every k ∈ N.

Proposition 1. Any nowhere dense functionally closed set A in a locally connected space X is a regular set in X.

Proposition 2. Every closed nowhere dense set A in a metrizable space X is regular.

Proposition 3. Let X be a topological space and A ⊆ X be a functionally closed bilaterally separable set. Then A is

regular.

Theorem. Let X, Y be topological spaces, A ⊆ X be a regular set in X and B ⊆ Y be a nowhere dense functionally

closed set in Y. Then there exists a lower semi-continuous separately continuous function f : X × Y → [0, 1] such that

D( f ) = A × B.

Corollary. Let X, Y be topological spaces, A ⊆ X, B ⊆ Y be nowhere dense functionally closed sets and one of the

following conditions holds:
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(i) X is locally connected;

(ii) X is metrizable;

(iii) A is bilaterally separable in X;

(iv) X is a first countable space and A is separable.

Then there exists a lower semi-continuous separately continuous function f : X ×Y → [0, 1] with D( f ) = A × B.

[1] Maslyuchenko V., Mykhaylyuk V., Sobchuk O. Investigations on separately continuous mapppings, Proceedings
of International conference dedicated to Hans Hahn, Chernitsi (1995), 192-246 (in Ukrainian).

[2] Mykhaylyuk V.V. The set of discontinuity points of separately continuous functions on the products of compact spaces

Methods of Func. Anal. and Top. 13 (3) (2007) 284-295.

[3] Kozlovskyi M.R., Mykhaylyuk V.V The set of discontinuity points of separately continuous functions on the products

of compact spaces (to apper)

Spectra of algebras of block-symmetric analytic functions of bounded type

V.V. Kravtsiv
Faculty of Mathematics and Informatics, Vasyl Stefanyk Precarpathian National University, 57 Shevchenka Str., 76018

Ivano-Frankivsk, Ukraine

viktoriia.kravtsiv@pnu.edu.ua

Let us denote by ℓ1(C
s) the vector space of all sequences

x = (x1, x2, . . . , xm, . . .),

where xj = (x
(1)
j , . . . , x

(s)
j ) ∈ Cs for j ∈ N, such that the series

∞

∑
j=1

s

∑
r=1

∣∣∣x(r)j

∣∣∣ is convergent. The space ℓ1(C
s) with

norm

‖x‖ =
∞

∑
j=1

s

∑
r=1

∣∣∣x(r)j

∣∣∣

is a Banach space. A polynomial P on the space ℓ1(C
s) is called block-symmetric (or vector-symmetric) if:

P(x1, x2, . . . , xm, . . .) = P(xσ(1), xσ(2), . . . , xσ(m), . . .)

for every permutation σ ∈ S∞, where xj ∈ Cs for all j ∈ N.
Let us denote by Hbvs(ℓ1(C

s)) the algebra of block-symmetric analytic functions of bounded type on ℓ1(C
s)

and Mbvs(ℓ1(C
s)) — the specrum of this algebra.

In this talk we will show that the specrum of that algebra does not coincide with equivalence classes of point
evaluation functionals and described a characters of that algebra as functions of exponential type with “flat”
zeros.

This research was funded by the Ministry of Education and Science of Ukraine (0122U000857).
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The infinite-dimensional standard and strict Bounded Real Lemmas in
continuous time

M. Kurula
Department of Mathematics, Åbo Akademi, Åbo, Henriksgatan 2, Finland

mikael.kurula@abo.fi

My presentation is dedicated to all Ukrainian mathematicians, present and past. I will give a non-technical
overview of a recent paper coathored with Sanne ter Horst and Joe Ball, building on the tradition of Mark Kreı̆n,
Israel Gohberg and Damir Arov [1, 2].

The bounded real lemma (BRL) is a classical result in systems theory, which provides a linear matrix inequality
criterium for dissipativity, via the Kalman-Yakubovich-Popov inequality. The BRL has many applications, among
others in H-infinity control [3]. Extensions to infinite-dimensional systems, although already present in the work
of Yakubovich [4], have only been studied systematically in the last few decades [6, 7].

We develop the BRL for continuous time, infinite dimensional, linear well-posed systems. Via an adaptation
of Willems’ storage function approach, we present a unified way to address both the standard and strict forms of
the bounded real lemma. While for the standard bounded real lemma, we obtain analogous results as there exist
for the discrete time case, when treating the strict case additional conditions are required, at least at this stage.

[1] D.Z. Arov, M.A. Kaashoek, and D.R. Pik, The Kalman–Yakubovich–Popov inequality and infinite dimensional

discrete time dissipative systems, J. Operator Theory 55 (2006), 393–438.

[2] D.Z. Arov and O.J. Staffans, The infinite-dimensional continuous time Kalman-Yakubovich-Popov inequality, in:
The extended field of operator theory, pp. 37–72, Oper. Theory Adv. Appl., vol. 171, Birkhäuser, 2007.

[3] I.R. Petersen, B.D.O. Anderson, and E.A. Jonckheere, A first principles solution to the non-singular H∞ control

problem, Internat. J. Robust Nonlinear Control 1 (1991), 171–185.

[4] V.A. Yakubovich, The frequency theorem for the case in which the state space and the control space are Hilbert spaces,

and its application in certain problems in the synthesis of optimal control. I-II, (Russian) Sibirsk. Mat. Z̆. (1974–1975).

[5] J.C. Willems, Dissipative dynamical systems I–II, Arch. Rational Mech. Anal. 45 (1972), 321–393.

[6] J.A. Ball, G.J. Groenewald, and S. ter Horst, Standard versus strict bounded real lemma with infinite-dimensional

state space I: The state-space-similarity approach, J. Operator Theory 80 (2018), 225–253.

[7] J.A. Ball, G.J. Groenewald, and S. ter Horst, Standard versus strict bounded real lemma with infinite-dimensional

state space II: The storage function approach, In: The diversity and beauty of applied operator theory, pp. 1–50,
Oper. Theory Adv. Appl., vol. 268, Birkhäuser, 2018.

On Daugavet indices of thickness

J. Langemets
Institute of Mathematics and Statistics, University of Tartu, Narva mnt 18, 51009 Tartu, Estonia

johann.langemets@ut.ee, URL: https://johannlangemets.wordpress.com/

Inspired by R. Whitley’s thickness index [5], A. Rueda Zoca introduced in [3] the Daugavet index of thickness
of Banach spaces to measure quantitatively how far a Banach space is from having the Daugavet property.

Let X be a real Banach space. Then the Daugavet index of thickness of X is a parameter T (X), where

T (X) = inf
{

r > 0
∣∣∣∣

there exist x ∈ SX and a relatively weakly
open W in BX such that ∅ 6= W ⊂ B(x, r)

}
.

Notice that 0 ≤ T (X) ≤ 2 for any Banach space X and, for example, T (ℓ1) = 0, T (c0) = T (ℓ∞) = 1, and
T (C[0, 1]) = 2 [3, Example 4.3]. In fact, T (X) = 2 holds if and only if X has the Daugavet property [4, Lemmata 2
and 3].
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We continue the investigation of the behavior of this index and also consider two new versions of the Daugavet
index of thickness, which are motivated by the geometric characterization of the Daugavet property given by
R. V. Shvydkoy in [4]. These new indices help us solve several open problems from the literature. In particular,
we prove that an open question posed by Y. Ivakhno in [2] about the relation between the radius and diameter of
slices has a negative answer.

This is joint work with R. Haller, V. Lima, R. Nadel, and A. Rueda Zoca [1].
This work was supported by the Estonian Research Council grant (PSG487).

[1] R. Haller, J. Langemets, V. Lima, R. Nadel, and A. Rueda Zoca, On Daugavet indices of thickness, J. Funct. Anal.
280(7) (2021), 22 p.

[2] Y. Ivakhno, On sets with extremely big slices, J. Math. Phys. Anal. Geom. 2(1) (2006), 94–103.
[3] A. Rueda Zoca, Daugavet property and separability in Banach spaces, Banach J. Math. Anal. 12(1) (2018), 68–84.
[4] R. V. Shvydkoy, Geometric aspects of the Daugavet property, J. Funct. Anal. 176(2) (2000), 198–212.
[5] R. Whitley, The size of the unit sphere, Can. J. Math. 20 (1968), 450–455.

Levy’s phenomenon for analytic functions in multiple-circular domain

A.O. Kuryliak, O.B. Skaskiv
Department of Mechanics and Mathematics, Ivano Franko National University of Lviv, Lviv, 1 Universytetska Street, Ukraine

andriykuryliak@gmail.com, olskask@gmail.com

Denote by Ap
0 (G), p ∈ N, the class of an analytic functions f in a complete Reinhardt domain G ⊂ Cp,

represented by the power series of the form

f (z) = f (z1, . . . , zp) =
+∞

∑
‖n‖=0

anzn, (1)

with the domain of convergence G, where zn = z
n1
1 . . . z

np
p , z = (z1, . . . , zp) ∈ G, n = (n1, . . . , np) ∈ Z

p
+, ‖n‖ =

∑
p
j=1 nj.

For a function f ∈ Ap
0(G) of form (1) with domain of convergence G and r = (r1, · · · , rp) ∈ |G| := {r =

(r1, . . . , rp) : rj = |zj|, z = (z1, . . . , zp) ∈ G} we denote

∆r0 = {t ∈ |G| : tj ≥ r0
j , j ∈ {1, · · · , p}}, µ f (r) = max{|an|rn1

1 · · · r
np
p : n ∈ Z

p
+},

M f (r) = max{| f (z)| : |z1| = r1, · · · , |zp| = rp}.

We prove analogs of Wiman’s type inequality in the class of analytic functions f ∈ Ap
0 (G) for the arbitrary

complete Reinhardt domain G. By Ap(G) we denote a subclass of functions f ∈ Ap
0 (G) such that

∂

∂zj
f (z1, · · · , zp) 6≡ 0

in G for any j ∈ {1, . . . , p}.
Let Hp be the class of functions h : |G| → R+ such that h is nondecreasing with respect to each variables and

h(r) > 10 for all r ∈ |G| and ∫

∆ε

h(r)dr1 · · · drp

r1 · · · rp
= +∞

for every ε ∈ R
p
+ such that |G| ∩ ∆ε is nonempty domain in R

p
+.

For h ∈ Hp we say that E ⊂ |G| is the set of finite h-measure on |G| if there exists ε ∈ R
p
+ such that |G| ∩ ∆ε is

nonempty domain in |G| ⊂ R
p
+ one has

νh(E ∩ ∆ε):=
∫

E∩∆ε

h(r)dr1 · · · drp

r1 · · · rp
< +∞.

Set of such a sets we denote by Sh.
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Theorem 1 ([1]). Let f ∈ Ap(G). Then for every ε ∈ R
p
+, δ > 0 there exists a set E ∈ Sh such that for all r ∈ ∆ε \ E

the inequality take place

M f (r) ≤ µ f (r)(h(r))
p+1

2 ln
p
2 +δ h(r) ln

p
2 +δ{µ f (r)h(r)}

p

∏
j=1

(
p

∏
k=1,k 6=j

ln
erk

εk

) 1
2+δ

.

In the case of G is bounded, for every ε ∈ R
p
+, δ > 0 there exists a set E ∈ Sh such that for all r ∈ ∆ε \ E we

have M f (r) ≤ µ f (r)(h(r))
p+1

2 ln
p
2 +δ h(r) ln

p
2 +δ{µ f (r)h(r)}.

Let Z = (Zn(t)) be a complex sequence of random variables Zn(t) = Xn(t) + iYn(t) such that both X =

(Xn(t)) and Y = (Yn(t)) are real MS([1]) and K( f , Z) the class of random entire functions of the form

f (z, t) =
+∞

∑
‖n‖=0

anZn(t)z
n1
1 . . . z

np
p .

Theorem 2. Let Z = (Zn(t)) be a MS uniformly bounded by the number 1, δ > 0, f ∈ Ap(G).

a) Then for every ε ∈ R
p
+, δ > 0 there exists a set E ∈ Sh such that for all r ∈ ∆ε \ E the inequality take place

M f (r, t) ≤ µ f (r)(h(r))
p+1

4 ln
p
4 +1+δ h(r) ln

p
4 +δ{µ f (r)h(r)}

p

∏
j=1

(
p

∏
k=1,k 6=j

ln
erk

εk

) 1
4+δ

.

b) In the case of G is bounded, for every ε ∈ R
p
+, δ > 0 there exists a set E ∈ Sh such that for all r ∈ ∆ε \ E we

have

M f (r, t) ≤ µ f (r)(h(r))
p+1

4 ln
p
4 +1+δ h(r) ln

p
4 +δ{µ f (r)h(r)}.

[1] A.O. Kuryliak, O.B. Skaskiv, Wiman’s type inequality in multiple-circular domain, Axioms 10 (2021), 384

An isoperimetric problem for 3-dimensional parallelohedra

Z. Lángi
Morphodynamics Research Group and Department of Geometry, Budapest University of Technology and Economics, Egry

József utca 1., Budapest 1111, Hungary

zlangi@math.bme.hu

A d-dimensional parallelohedron is a convex polytope whose translates tile the d-dimensional Euclidean
space. The family of 3-dimensional parallelohedra is an important subfamily of zonotopes and its members
belong to the best known polyhedra within and outside mathematics. Despite this fact, apart from the celebrated
proof of Kepler’s Conjecture by Hales, which yields, in particular, that among 3-dimensional parallelohedra of
unit volume, the one with maximal inradius is the regular rhombic dodecahedron, there is no known isoperimet-
ric result for this family. In this talk we investigate an isoperimetric-type problem for 3-dimensional parallelohe-
dra. Our result states that among unit volume 3-dimensional parallelohedra, the one with minimal mean width
is the regular truncated octahedron.
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On an inequality somewhat related to the Log-Brunn-Minkowski
conjecture

G.V. Livshyts
School of Math., Georgia Institute of Technology, 686, Cherry street NW, Atlanta, GA, USA

glivshyts6@math.gatech.edu

I shall state and sketch a neat inequality concerning convex bodies and semi-norms, and show that cylinders
(i.e. direct products of intervals with convex bodies of lower dimension) give equality cases for it. I shall ex-
plain its connections to the Log-Brunn-Minkowski conjecture. If time permits, I will discuss related results and
surrounding questions. Based on a joint work with A. V. Kolesnikov.

Invariant Measures imply Strong Recurrence

A. López-Martínez
Institut Universitari de Matemàtica Pura i Aplicada, Universitat Politècnica de València, València, Spain

anlomar97@gmail.com

We study different pointwise recurrence notions for linear dynamical systems from the Ergodic Theory point
of view. We show that from any reiteratively recurrent vector x0, for an adjoint operator T on a separable dual
Banach space X, one can construct a T-invariant probability measure which contains x0 in its support. This al-
lows us to establish, for these operators, the (surprising) equivalence between reiterative recurrence and frequent
recurrence, together with the existence of an invariant measure with full support. Those facts are easily general-
ized to product and inverse dynamical systems, which implies some relations with the respective hypercyclicity
notions.

This talk is based on a joint work with Sophie Grivaux. This work was partially supported by the project
FRONT of the French National Research Agency (grant ANR-17-CE40-0021), by the Labex CEMPI (ANR-11-LABX-
0007-01), by the project FPU2019/04094 and by MCIN/AEI/10.13039/501100011033, Project PID2019-105011GB-
I00.

[1] A. Bonilla, K-G. Grosse-Erdmann, A. López-Martínez and A. Peris, Frequently recurrent operators,
arXiv:2006.11428, (2020).

[2] G. Costakis, A. Manoussos and I. Parissis, Recurrent linear operators, Complex Anal. Oper. Theory 8 (2014),
1601–1643.

[3] H. Furstenberg, Recurrence in Ergodic Theory and Combinatorial Number Theory. Princeton University Press,
New Jersey 1981.

[4] S. Grivaux and A. López-Martínez, Recurrence properties for linear dynamical systems: an approach via
invariant measures, arXiv:2203.03027, (2022).

[5] S. Grivaux and E. Matheron, Invariant measures for frequently hypercyclic operators, Adv. Math., 265 (2014),
p. 371–427.
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Operator groups generated by Weyl systems on Hardy spaces

O. Lopushansky
Institute of Mathematics, University of Rzeszów, Rzeszów, Pigonia 1, Poland

olopuszanski@ur.edu.pl

The 1-parameter groups R ∋ t 7−→ W(ta, tb) associated with the Weyl system W(a, b) = exp
{

1
2 〈a | b〉

}
TbMa

are investigated, where a, b ∈ E and Tb, Ma are Fourier-intertwined with the shift and multiplicative groups on
the complex space E := Cd with an orthonormal basis {e1, . . . , ed}. The system W(a, b) acts irreducibly on
H2

χ ⊗ Σ(E), where H2
χ is the Hardy space of analytic functions on the unit ball B ⊂ E with the unitarily invariant

measure χ and Σ(E) =
⊕ {E⊗n

σ : n ≥ 0} is the symmetric Fock type space with the inner product

〈e⊗λ | e⊗λ′〉Σ =





(l − 1 + n)!
n!(l − 1)!

: λ = λ′

0 : λ 6= λ′,

compatible with W , e⊗λ := n!−1∑σ∈Sn
σ
(
e
⊗λ1
ı1 ⊗ . . . ⊗ e

⊗λl
ıl

)
is defined via partitions λ = (λ1, . . . , λl) correspond-

ing to the symmetric group Sn such that λ ⊢ n.
It is proved that t 7−→ W(ta, tb) is strongly continuous on H2

χ ⊗ Σ(E) with the generator Gℏ = db + Φa, where
db generates Tb and Φa generates Ma. Moreover,

W(ℏ+ ℏ
′) = exp

{1
2
[Gℏ,Gℏ′ ]

}
W(ℏ)W(ℏ′) with [Gℏ,Gℏ′ ] = GℏGℏ′ − Gℏ′Gℏ,

where ℏ = a + bj belongs to the quaternionic extension E ⊕ Ej of E. The domain of Gℏ is calculated and relation-
ship with the Heisenberg group HC

2d+1 is described.

[1] O. Lopushansky, Weyl–Schrödinger Representations of Heisenberg Groups in Infinite Dimensions, Results Math.
75, 73 (2020)

[2] H. Weyl, The Classical Groups, Princeton Univ. Press, 1997

Branched continued fraction expansions for ratios of Horn’s
hypergeometric function H4

I.-A.V. Lutsiv
Department of Mathematical and Functional Analysis, Vasyl Stefanyk Precarpathian National University, 76018

Ivano-Frankivsk, 57 Shevchenka Str., Ukraine

lutsiv.ilona@gmail.com

Horn’s hypergeometric function H4 is defined by double power series (see [1])

H4(a, b; c, d; z1, z2) =
∞

∑
m,n=0

(a)2m+n(b)n

(c)m(d)n

zm
1

m!
zn

2
n!

,

where a, b and c are complex constants, c and d is not equal to a non-positive integer, z1 and z2 are complex vari-
ables, (·)k is the Pochhammer symbol defined for any complex number α and non-negative integers k by (α)0 = 1
and (α)k = α(α + 1) . . . (α + k − 1). This function is two-dimensional generalization of Gaussian hypergeometric
function:

H4(a, b; c, d; 0, z2) =
∞

∑
n=0

(a)n(b)n

(d)n

zn
2

n!
= 2F1(a, b; d; z2),

H4(a, b; c, d; z1, 0) = H4(a, 0; c, d; z1, z2)

=
∞

∑
m=0

(a)2m

(c)m

zm
1

m!
=

∞

∑
m=0

(a/2)m((a + 1)/2)m

(c)m

(4z1)
m

m!

= 2F1(a/2, (a + 1)/2; c; 4z1).
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We have constructed branched continued fraction expansions for the following ratios

H4(a, b; c, d; z1, z2)

H4(a + 1, b; c, d; z1, z2)
,

H4(a, b; c, d; z1, z2)

H4(a, b + 1; c, d + 1; z1, z2)
,

H4(a, b; c, d; z1, z2)

H4(a + 1, b; c + 1, d; z1, z2)
,

H4(a, b; c, d; z1, z2)

H4(a + 1, b; c, d + 1; z1, z2)
,

H4(a, b; c, d; z1, z2)

H4(a, b + 1; c, d; z1, z2)
.

[1] J. Horn, Hypergeometrische funktionen zweier veränderlichen, Math. Ann. 105(1) (1931), 381–407.

A metric characterization of real analytic functions

G. Łysik
Jan Kochanowski University in Kielce, Uniwersytecka 7, 25-406 Kielce, Poland

glysik@ujk.edu.pl

We give a characterization of the space of real analytic function in terms of integral averages over Euclidean
balls. The characterization justifies introduction of analytic functions on metric measure spaces. Next we show
that such functions satisfy the following uniqueness property if a function vanishes on a non empty open set, then it

vanishes everywhere.

The Bergmann-Shilov Boundary of a Homogeneous Ball

M. Mackey, P. Mellon
University College Dublin

mackey@maths.ucd.ie, pauline.mellon@ucd.ie

Let B be a homogeneous open unit ball in a reflexive complex Banach space Z. We determine the ”Bergmann-
Shilov boundary” of B and show that it coincides with the set of all complex extreme points. In other words, the
set of extreme points of B is the smallest closed subset Λ of B such that

sup{‖ f (z)‖ : z ∈ B} = sup{‖ f (z)‖ : z ∈ Λ}

for all f : B 7→ C holomorphic on B with continuous extension to ∂B. Indeed, for any f : B 7→ X holomorphic
with a continuous extension to ∂B (and X is any finite dimensional Banach space), then if ‖ f (z)‖ achieves a
maximum on B then it must achieve this maximum at an extreme point.

This extends a finite dimensional result known for decades to the infinite dimensional case.
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Topological actions of wreath products

S. Maksymenko
Algebra and Topology department, Institute of mathematics, NAS of Ukraine, Str. Tereshchenkivska, 3, Kyiv, 01024, Ukraine

maks@imath.kiev.ua

Let G and H be two groups acting on path connected topological spaces X and Y respectively. Assume
that H is finite of order m and the quotient maps p : X → X/G and q : Y → Y/H are regular coverings.
Then it is well-known that the wreath product G ≀ H naturally acts on W = Xm × Y, so that the quotient map
r : W → W/(G ≀ H) is also a regular covering. We give an explicit description of π1(W/(G ≀ H)) as a certain
wreath product π1(X/G) ≀∂Y

π1(Y/H) corresponding to a non-effective action of π1(Y/H) on the set of maps
H → π1(X/G) via the boundary homomorphism ∂Y : π1(Y/H) → H of the covering map q.

Such a statement is known and usually exploited only when X and Y are contractible, in which case W is also
contractible, and thus W/(G ≀ H) is the classifying space of G ≀ H.

The applications are given to the computation of the homotopy types of orbits of typical smooth functions f

on orientable compact surfaces M with respect to the natural right action of the groups D(M) of diffeomorphisms
of M on C∞(M, R).

[1] S. Maksymenko, Topological actions of wreath products, arXiv:1409.4319v3, 2022, 24 pages

A short direct proof of sharp Lp-inequality for Hausdorff operator in one
dimension

A. Manna
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Suppose that Φ(t) is a locally integrable function on (0, ∞). Then the one dimensional Hausdorff integral
operator is defined as follows:

hΦ f (x) =
∫ ∞

0

Φ( x
t )

t
f (t)dt =

∫ ∞

0

Φ(t)

t
f (

x

t
)dt, x > 0.

It is well known that hΦ bounded on Lp(R+), 1 ≤ p ≤ ∞, if

CΦ =
∫ ∞

0

|Φ(t)|
t
1− 1

p

dt < ∞.

Also for p > 1 if f p(x) is integrable on (0, ∞) the following inequality holds:
∫ ∞

0

(
hΦ f (x)

)p
dx ≤ C

p
Φ

∫ ∞

0
f p(x)dx holds. (1)

In this talk, a short proof of the above inequality (1) will be presented. The constant term CΦ is shown to be
best possible. As a result, we deduce several famous integral inequalities with sharp constants by choosing Φ(t)

suitably. The presented work has some connection with the author’s earlier contributions in [1] and [2].

[1] Manna A. New Hardy-type integral inequalities, Acta Sci. Math. (Szeged), 2020, 86(3-4), 467-491.

[2] Manna A. Walker’s approach to some Hardy-type integral inequalities, Abstract Book, International Conference of
Young Mathematicians, Kyiv, Ukraine, June 3-5, 2021, Page no. 110.
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Residuality in the set of norm attaining operators between Banach spaces
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We study the relationship between the residuality of the set of norm attaining functionals on a Banach space
and the residuality and the denseness of the set of norm attaining operators between Banach spaces. Our first
main result says that if C is a bounded subset of a Banach space X which admit an LUR renorming satisfying
that, for every Banach space Y, the operators T from X to Y for which the supremum of ‖Tx‖ with x ∈ C is
attained are dense, then the Gδ set of those functionals which strongly exposes C is dense in X∗. This extends
previous results by J. Bourgain and K.-S. Lau. The particular case in which C is the unit ball of X, in which we
get that the norm of X∗ is Fréchet differentiable at a dense subset, improves a result by J. Lindenstrauss and we
even present an example showing that Lindenstrauss’ result was not optimal. In the reverse direction, we obtain
results for the density of the Gδ set of absolutely strongly exposing operators from X to Y by requiring that the
set of strongly exposing functionals on X is dense and conditions on Y or Y∗ involving RNP and discreteness on
the set of strongly exposed points of Y or Y∗. These results include examples in which even the denseness of
norm attaining operators was unknown. We also show that the residuality of the set of norm attaining operators
implies the denseness of the set of absolutely strongly exposing operators provided the domain space and the
dual of the range space are separable, extending a recent result for functionals. Finally, our results find important
applications to the classical theory of norm-attaining operators, to the theory of norm-attaining bilinear forms,
to the geometry of the preduals of spaces of Lipschitz functions, and to the theory of strongly norm-attaining
Lipschitz maps. In particular, we solve a proposed open problem showing that the unique predual of the space
of Lipschitz functions from the Euclidean unit circle fails to have Lindenstrauss property A.

This is a joint work with Mingu Jung and Abraham Rueda Zoca [1]
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funded by MCIN/AEI/10.13039/501100011033.

[1] M. Jung, M. Martı́n, and A. Rueda Zoca, Residuality in the set of norm attaining operators between Banach spaces,
Preprint (2022), arxiv.org:http://arxiv.org/abs/2203.04023

Lipschitz symmetric polynomials

M.V. Martsinkiv
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It is clear that any polynomial of degree greater than 1 is not Lipschitz on X, even if X is finite dimensional.
However polynomials are locally Lipschitz. Among of symmetric polynomials we can find Lipschitz ones on
some unbounded sets.Let c00 be the space of all finite sequences, that is, if x = (x1, . . . , xn, . . .) ∈ c00, then only a
finite number of coordinates xn is not equal to zero. We consider power symmetric polynomials

Fm(x) =
∞

∑
i=1

xm
i .

m ∈ N, x ∈ c00.
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It is well known that polynomials (Fm) form algebraic bases in the algebra of all symmetric polynomials on
c00. (Fm) can be extended to ℓ1 for every m ∈ N.

Lemma 1. Symmetric polynomials Fk
m(x) =

( n

∑
i=1

xm
i

)k
on Rn with the ℓ1-norm are Lipschitz with constants nk−1 ≤

L(Fk
m) ≤ mknk−1 on the domain Dn = {x ∈ Rn : |xi| < 1, i = 1, . . . , n}.

Since all norms on Rn are equivalent, we have that Fk
m are Lipschitz functions for any norm on Rn. But for the

case of ℓ1-norm we have estimations for the Lipschitz constant which do not depend on n if k = 1.

Theorem 1. Polynomials Fm, m ∈ N are Lipschitz functions on D∞ = {x ∈ ℓ1 : |xi| ≤ 1, i ∈ N} with 1 ≤ L(Fm) ≤ m

and Fk
m are not Lipschitz on D∞ for every k > 1.

On extremal sections of separately continuous functions
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We continue the research of interconnections between pairs of Hahn and separately continuous functions
which was started by V. K. Maslyuchenko. A pair (g, h) of functions f , g : X → R on a topological space X is
called a pair of Hahn if g ≤ h, g is an upper semicontinuous function and h is a lower semicontinuous function.
For a function f : X ×Y → R we consider the vertical x-section f x : Y → R and the horizontal y-section fy : X → R

which is defined by f x(y) = fy(x) = f (x, y) for any x ∈ X and y ∈ Y. Recall that a function f is separately

continuous if the sections f x and fy is continuous for any x ∈ X and y ∈ Y. We define the minimal and the maximal

sections ∧ f ,∨f : X → R of a function f by the formulae ∧ f (x) = inf
y∈Y

f (x, y) and ∨f (x) = sup
y∈Y

f (x, y) for any x ∈ X.

It is not hard to show (see [1]) that for any separately continuous functions f the pair (∧ f ,∨f ) is a pair of Hahn.
We say that a pair of Hahn (g, h) on X is generated by a function f : X ×Y → R if ∧ f = g and ∨f = h. Moreover, in
[1] it was proved that an arbitrary pair of Hahn (g, h) on [a; b] is generated by a separately continuous function
f : [a; b]× [c; d] → R for any reals a < b and c < d.

In [2] we generalize the previous result. In particular there proved Theorem 1 an 2. In the talk we will
discuss also some new authors’ results and open questions in this direction. One of them is Theorem 3, which is
formulated below.

A pair (g, h) of functions on a topological space X calls a countable pair of Hahn if there are continuous functions
gn, fn : X → R, n ∈ N, such that g(x) = inf

n∈N
gn(x) ≤ h(x) = sup

n∈N

hn(x) for x ∈ X. On a perfectly normal

space every pair of Hahn is countable. A pair (g, h) calls a stable pair of Hahn if there are continuous functions
gn, fn : X → R, n ∈ N, such that g(x) = min

n∈N
gn(x) ≤ h(x) = max

n∈N
hn(x) for x ∈ X. Obviously, every stable pair

of Hahn is a countable pair of Hahn.

Theorem 1. Let X be a topological space, Y a non-pseudocompact space and (g, h) be a countable pair of Hahn on X. Then

there exists a continuous function f : X ×Y → R such that ∧ f = g and ∨ f = h.

Theorem 2. Let X be a topological space, Y be a topological space having non-scattered compactification and (g, h) be a

countable pair of Hahn on X. Then there exists a separately continuous function f : X × Y → R such that ∧ f = g and

∨ f = h.

Theorem 3. Let X be a topological space and Y be a countable compact space and f : X × Y → R be a separately

continuous function. Then (∧ f ,∨ f ) is a stable pair of Hahn. Conversely, every stable pair of Hahn (g, h) on X is generated

by a separately continuous function f : X × Y → R.

Question. Is a previous theorem holds for a scattered compact?
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[1] V. K. Maslyuchenko, V. S. Mel’nyk, H. A. Voloshyn Hahn’s pairs and zero inverse problem, Mat. Stud., 48, N1
(2017), 74–81.

[2] A. S. Kushnir, O. V. Maslyuchenko, Pairs of Hahn and separately continuous functions with the given extremal

sections, Bukovinian Math. Journal. 6, N1 (2021), 210–229.

Random Kahane-Salem-Zygmund inequalities in Banach spaces
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I will discuss some recent work with Andreas Defant, concerning variants of the celebrated random Kahane-
Salem-Zygmund inequalities. Using tools from probability, Banach space, and interpolation theory, I will present
a coherent approach to subgaussian multivariate and Dirichlet polynomial inequalities.

On transverse vibrations of beams with discrete–continuous distributions
of parameters

V. Mazurenko, A. Petrychko
Department of Mathematics and Computer Science, Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk,

Shevchenko Str. 57, Ukraine

viktor.mazurenko@pnu.edu.ua, allapetrychko18@gmail.com

In the talk, our aims is to obtain an closed–form solution the following initial-boundary value problem that
simulates the transverse vibrations of a non-uniform cantilever beam consisting of n beam elements of variable
cross-section with discrete-continuous distributions of mass and external load:

m(x)
∂2u

∂t2 +
∂2

∂x2

(
α(x)

∂2u

∂x2

)
= q(x),

u(x, 0) = ϕ(x),
∂u(x, 0)

∂t
= ψ(x), 0 ≤ x ≤ l,

u(0, t) =
∂u(0, t)

∂x
=

[
−αn−1(x)

∂2u(x, t)

∂x2

]

x=l

=
∂

∂x

[
αn−1(x)

∂2u(x, t)

∂x2

]

x=l

= 0, t ≥ 0.

Here u(x, t) is the vertical displacement at x ∈ [0, l] and t ≥ 0, α(x) is the flexural stiffness of the beam, m(x) is
the mass per unit length, and q(x) is the external excitation acting on the beam:

α(x) =
n−1

∑
k=0

αk(x)θk(x), m(x) =
n−1

∑
k=0

mk(x)θk(x) +
n−1

∑
k=1

µkδk(x),

q(x) =
n−1

∑
k=0

qk(x)θk(x) +
n−1

∑
k=1

[
Pkδk(x) + Mkδ′k(x)

]
,

where αk, mk, qk ∈ C[xk, xk+1], 0 = x0 < x1 < . . . < xn−1 < xn = l, θk(x) is the characteristic function on an
interval [xk, xk+1), µk, Pk, Mk are concentrated in the beam cross–sections x = xk masses, forces and moments,
δk(x) is the Dirac distribution whose support is {xk}, ϕ, ψ ∈ C[0, l].

We use the idea of introducing quasi-derivatives, which allows to weaken the conditions of smoothness for
the coefficients of the equation [1]. Such approach has been successfully used to model longitudinal vibrations of
a rod with a piecewise constant cross-section and δ–singularities [2]. The model results agree with those known
for multiple-stepped Bernoulli-Euler beams [3].
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[2] Tatsij R. M., Chmyr O. Yu., Karabyn O. O., The total first boundary value problem for equation of hyperbolic type

with piecewise constant coefficients and δ-singularities, Researches in Mathematics and Mechanics, 24(1) (2019),
86–102.

[3] Torabi K., Afshari H., Najafi H., Vibration analysis of multi-step Bernoulli–Euler and Timoshenko beams carrying

concentrated masses, Journal of Solid Mechanics, 5, No.4 (2013), 336–349.

On (in)homogeneous fractals generated by ∗-measures
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Let I = [0, 1] and let ∗ be a continuous triangular norm (i. e., ∗ : I × I → I is associative, commutative, and
monotone operation for which 1 is a neutral element). In [4], the notion of ∗-measure on the compact Hausdorff
spaces is investigated. Recall that a ∗-measure is a functional µ : C (X, I) → I satisfying:

1. µ (cX) = c (here, cX is constant function on X taking value c ∈ I);

2. µ (λ ∗ ϕ) = λ ∗ ϕ, where λ ∈ I, ϕ ∈ C (X, I);

3. µ (ϕ ∨ ψ) = µ(ϕ) ∨ µ(ψ), where ϕ, ψ ∈ C (X, I).

In [2], the notion of an idempotent fractal is defined for IFS on complete metric spaces. The aim of our talk is
to formulate an analogous notion for the ∗-measure fractal.

We prove the existence theorem for invariant ∗-measures. Actually, two proofs are given, one of them exploits
some ideas from [2], the other one is based on fixed point theorems and modification of the Bazylevych-Repovš-
Zarichnyi metric on the space of idempotent measures [1].

Inhomogeneous ∗-measures in the spirit of [3] are also introduced.

[1] Rudnei D. da Cunha, Elismar R. Oliveira, Filip Strobin, Existence of invariant idempotent measures by con-
tractivity of idempotent Markov operators, arXiv:2109.13045

[2] N. Mazurenko, M. Zarichnyi, Invariant idempotent measures, Carpathian Math. Publ., 10(1) (2018), 172–178.

[3] L. Olsen, N. Snigireva. Multifractal spectra of in-homogenous self-similar measures. Indiana Univ. Math. J.,
57 (2008), 1789–1843.

[4] Kh. Sukhorukova, Spaces of non-additive measures generated by triangular norms, Proc. Intern. Geometry Center,
2021 (submitted).
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Carleson interpolating sequences for Banach spaces of analytic functions
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During the talk I will present an interpolation theory of operators based approach to the study of interpolating
sequences for interpolation Banach spaces between Hardy spaces. Based solelly on the famous Carleson result
for H∞ and interpolation of operators I will give a description of the range of the Carleson operator defined on
interpolation spaces between the classical Hardy spaces in terms of uniformly separated sequences. Applications
to Hardy–Lorentz, Hardy–Marcinkiewicz, and Hardy–Orlicz spaces will also be given.

The talk is the result of collaboration with M. Lindström, M. Mastyło, D. Norrbo, and M. Rzeczkowski.

[1] M. Lindström, M. Mastyło, P. Mleczko, D. Norrbo, M. Rzeczkowski, Carleson interpolating sequences for Banach

spaces of analytic functions, paper accepted to Journal of the Institute of Mathematics of Jussieu.

Optimization with Respect to General Preference Mappings
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In economic equilibrium theory and in qualitative game theory, the preferences of economic agents or players
are often described by gereral preference mappings which do not necessarily lead to pre-order relations. All one
needs to assume is that the deciding agent in state x is able to specify those states P(x) which he prefers to x. The
only order conditions on preferences which is needed is irreflexivity (meaning x /∈ P(x)).

Microeconomic theory often assumes a property of nonsatiation, which means that consumers always choose
to have more than less of goods. This leads to the conclusion that there is no point of satiation. The question is:
is this assumption always fulfilled? We can imagine a situation that if we have two cars, we do not need a third
one, or we do not need a second home if we already have one. Recently, more and more works have appeared in
the literature which assume that preferences can be satiable.

In the paper [1] we present higher-order optimality conditions for a model of welfare economics, where the
preferences of individual customers (agents) are described by arbitrary preference sets, without the nonsatiation
assumption. We investigate necessary optimality conditions with variable domination structure. These condi-
tions are formulated in terms of some higher-order directional derivatives of multivalued mappings. Since the
domination structure is not given by cones, our results have more possible economic applications, which is illus-
trated by two “real-world”examples.

[1] A. Michalak, M. Studniarski, Higher-order optimality conditions in set-valued optimization with respect to general

preference mappings, Set-Valued and Variational Analysis, https://doi.org/10.1007/s11228-022-00627-2
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Let UTm(X) be the Banach algebra of all m×m upper triangular matrices with entries in a unital commutative
complex Banach algebra X. In this talk we will describe the spectrum M(UTm(X)) of UTm(X), that is, the set
of all nonzero, linear and multiplicative mappings φ : UTm(X) → C. Moreover, we will prove the existence of
a bijection between the spectrum M(UTm(X)) of UTm(X) and the set of all closed maximal ideals of UTm(X)

via the map that to each φ ∈ M(UTm(X)) associates the kernel of φ. As an application, we will show that every
maximal ideal of X is countably generated and, consequently, UTm(X) is finite dimensional whenever every
maximal ideal of UTm(X) is countably generated. We also will provide examples of unital non-commutative
Banach algebras whose spectra are empty.

This talk is based in a joint work with Willian Franca, from the Universidade Federal de Juiz de Fora (Brazil)
(see [1]).

[1] W. Franca and Luiza A. Moraes, On the spectrum of a class of non-commutative Banach algebras, Archiv der
Mathematik, https://doi.org/10.1007/s00013-022-01713-5 (2022).

Uniformly continuous mappings on partial metric spaces
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A function p : X2 → [0,+∞) is called a partial metric on X if for every x, y, z ∈ X the following conditions

(p1) x = y ⇔ p(x, x) = p(x, y) = p(y, y);

(p2) p(x, x) ≤ p(x, y);

(p3) p(x, y) = p(y, x);

(p4) p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).

are true.
The paper [1] contains the following result.
Theorem ([1, Theorem 4.4]). Let f : (X, p) → (Y, q) be a continuous mapping from a compact partial metric space

(X, p) to a partial metric space (Y, q). Then f is uniformly continuous.

It follows from the following example that the theorem formulated above is not true.
Theorem 1. There exist a compact metric space (X, d), a compact partial metric space (Y, p) and a homeomorphism

f : X → Y such that f is not uniformly continuous.

A function p : X2 → [0,+∞) is called a premetric on X if p(x, x) = 0 for every x ∈ X. A pair (X, p) of a
topological space X and a premetric p on X is called a premetric space if for every x ∈ X the system

{{y ∈ X : p(x, y) < ε} : ε > 0}

is a base of neighbourhoods of x in X.
We say that a premetric space (X, p) satisfies (∗)l /(∗)r/ if for any sequences of points xn ∈ X and yn ∈ X

with lim
n→∞

p(xn, yn) = 0 we have

xn → x ⇒ yn → x /yn → x ⇒ xn → x/.

57



A premetric space (X, p) satisfies (∗) if (X, p) satisfies (∗)l or (∗)r.
Proposition 1. Any partial metric space (X, p) is a premetric space satisfying (∗)l with respect to the premetric

q(x, y) = p(x, y)− p(x, x).

Theorem 2. Let (X, p) be a compact premetric space with (∗), Y be an uniform space and f : X → Y be a continuous

mapping. Then f is uniformly continuous.

[1] Lu H., Zhang H., He W. Some remarks on partial metric spaces, Bull. Malays. Math. Soc. 43 (3) (2020) 3065-3081.

On the problem of the motion of a rigid body in a compressible fluid
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We study a 3D nonlinear moving boundary fluid-structure interaction problem describing the interaction of
the fluid flow with a rigid body. The fluid flow is governed by 3D compressible Navier-Stokes equations, while
the motion of the rigid body is described by a system of ordinary differential equations called Euler equations for
the rigid body. The equations are fully coupled via dynamical and kinematic coupling conditions. We consider
the Navier-slip boundary condition at the interface as well as at the boundary of the domain and we show exis-
tence of a weak solution of the fluid-structure system up to collision. it is a joint work with Arnab Roy, Mythily
Ramaswamy and Anja Schlömerkemper.

On the conditions for some entire functions to have only real zeros in terms
of their Taylor coefficients
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We discuss new conditions for the entire functions with positive Taylor coefficients to belong to the Laguerre–
Pólya class. It is an important class of entire functions which are locally the uniform limit of a sequence of real
polynomials having only real zeros. For an entire function f (z) = ∑

∞
k=0 akzk, we define the second quotients of

Taylor coefficients as qn( f ) :=
a2

n−1
an−2an

, n ≥ 2 and find conditions on qn( f ) for f to belong to the Laguerre–Pólya

class. Besides, we show the relation of the conditions to the partial theta function ga = ∑
∞
k=0

zk

ak2 , when a > 1. On
the conditions for the function ga to belong to the Laguere–Pólya class, see, for instance [1].

As an example, the following theorem is a criterion for an entire function f with a regularly non-decreasing
sequence of qn( f ) to belong to the Laguerre–Pólya class.

Theorem 1 ([2]). Let f (x) = ∑
∞
k=0 akxk, ak > 0 for all k, be an entire function. Suppose that:

1. 3 ≤ q2( f ) ≤ q3( f ) ≤ q4( f ) ≤ . . . ;

2. In the case when there is an integer j0 ≥ 2 such that qj0( f ) < 4, and qj0+1( f ) ≥ 4, one of the following conditions

holds true:

(i) qj0−1( f )/qj0+1( f ) ≥ 0.525;

(ii) qj0( f ) ≥ 3.4303.
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Then f belongs to the Laguerre–Pólya class if and only if there exists x0 ∈ [−a1/a2, 0] such that f (x0) ≤ 0.

Question. Are the additional assumptions in the theorem above essential?

The next result shows our first attempt at investigating entire functions with a non-monotonic sequence of
quotients qn.

Theorem 2 ([3]). Let f (z) = ∑
∞
k=0 akzk, ak > 0 for all k, be an entire function. Suppose that the quotients qn( f ) satisfy

the following condition: q2( f ) = q4( f ) = q6( f ) = . . . = a, and q3( f ) = q5( f ) = q7( f ) = . . . = b, 1 < a < b. Then the

function f belongs to the Laguerre–Pólya class if and only if there exists z0 ∈ [− a1
a2

, 0] such that f (z0) ≤ 0.

We also present other interesting related results.
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Ukrainian State budget in frames of project 2020.02/0096 “Operators in infinite-dimensional spaces: the inter-
play between geometry, algebra and topology” (October 2020 - December 2021). The corresponding author is
supported by the Mathematical Research Institute of Oberwolfach (Mathematisches Forschungsinsititut Ober-
wolfach) as an Oberwolfach Leibniz Fellow (1 April - 30 June, 2022).
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zoryana.math@gmail.com

Let (Hn)∞
n=0 be a sequence of Hilbert spaces, Hn 6= {0} and not necessary separable. Let us suppose that

for every n and m, Hn is isomorphic to Hm. We denote by ℓ2(Hn) = ℓ2((Hn)∞
n=0) the Hilbert space consisting of

elements x = (x0, x1, . . . , xn, . . .), xk ∈ Hk endowed with norm ‖x‖ =
(
∑

∞
i=0 ‖xi‖2

) 1
2 . Let (ωn) be a sequence of

positive numbers (weights). Let us fix a sequence of isomorphisms Jm : Hm → Hm−1, ‖Jm‖ = 1, m ∈ N. An
operator T : ℓ2(Hn) → ℓ2(Hn) will be called a backward weighted shift (with respect to the family (Jm)) with weight

sequence (ωn) if it is of the form

T(x) = (ω1 J1(x1), ω2 J2(x2), . . . , ωm Jm(xm), . . .).

Theorem 1. Let (Hn)∞
n=0 be a sequence of Hilbert spaces and T : ℓ2(Hn) → ℓ2(Hn) be a backward weighed shift with

respect to (Jm) and with positive weight sequence (ωn). Let us suppose that

sup
m∈Z+

m

∏
n=0

‖J−1
n ‖ < ∞.

Then the operator T is topologically transitive.

Also, we consider abstract shift similar operators on nonseparable function Hilbert spaces. In particular,
abstract differentiation operators and dual operators to abstract multiplication operators can be considered as
abstract shift similar operators.
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Pointwise attractors which are not strict

M. Nowak
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We deal with the finite family F of continuous maps on the Hausdorff space. A nonempty compact subset
A of such space is called a strict attractor if it has an open neighborhood U such that A = limn→∞ Fn(S) for
every nonempty compact S ⊂ U. Every strict attractor is a pointwise attractor, which means that the set {x ∈
X; limn→∞ Fn(x) = A} contains A in its interior.

We present a class of examples of pointwise attractors which are not strict - from the finite set to the SierpiЕ„ski
carpet.

[1] M. F. Barnsley, K. Leśniak, M. Rypka, Chaos game for IFSs on topological spaces Journal of Mathematical Anal-
ysis and Applications, 435(2), 2016, 1458–1466.

Existence and asymptotics of finite energy solutions for semilinear elliptic
problems in exterior domains

A. Orpel
Faculty of Mathematics and Computer Science, University of Lodz, Poland

aleksandra.orpel@wmii.uni.lodz.pl

We investigate the following semilinear elliptic problem

{ △u(x) + f (x, u(x)) + g(x)x · ∇u(x) = 0, for x ∈ ΩR,
lim

||x||→∞
u(x) = 0, (1)

where ΩR = {x ∈ Rn, ||x|| > R} with n > 2 and R > 1. The main purpose of the talk is to show the existence of
increasing sequences of positive solutions of (1) with the asymptotic decay u(x) = O(||x||2−n) as ||x|| → ∞ and
finite energy in a neighborhood of infinity. These results are based on subsolution and supersolution methods
and a certain iteration scheme. Our approach allows us to consider sublinear as well as superlinear problems
without radial symmetry. In particular, we give sufficient conditions for the existence of such solutions for the
generalized Emden-Fowler equation in some exterior domain.
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(2020)191; 761-778.

Dvoretzky-type theorem for locally finite subsets of a Hilbert space

M. Ostrovskii (joint with F. Catrina and S. Ostrovska)
St. John’s University, New York, USA

ostrovsm@stjohns.edu

The main result of the talk: Given any ε > 0, every locally finite subset of ℓ2 admits a (1 + ε)-bilipschitz
embedding into an arbitrary infinite-dimensional Banach space.

The result is based on two results which are of independent interest:
(1) A direct sum of two finite-dimensional Euclidean spaces contains a sub-sum of a controlled dimension

which is ε-close to a direct sum with respect to a 1- unconditional basis in a two-dimensional space.
(2) For any finite-dimensional Banach space Y and its direct sum X with itself with respect to a 1-unconditional

basis in a two-dimensional space, there exists a (1 + ε)-bilipschitz embedding of Y into X which on a small ball
coincides with the identity map onto the first summand and on a complement of a large ball coincides with the
identity map onto the second summand.

Some problems for parabolic pseudo-differential equations and
probabilistic representations of their solutions

M.M. Osypchuk
Faculty of Mathematics and Computer Science, Vasyl Stefanyk Precarpathian National University, Ivano-Frankivs’k,

Shevchenko street 57, Ukraine

mykhailo.osypchuk@pnu.edu.ua

For given parameters 1 < α < 2 and c > 0, let A denote a pseudo-differential operator whose symbol is
given by the function (−c|ξ|α)ξ∈Rd (a d-dimensional Euclidean space is denoted by Rd) and B denote a pseudo-

differential operator whose symbol is given by (i|ξ|α−2ξ)ξ∈Rd , where i is the imaginary unit. Let S be a bounded

closed surface of class H1+γ with some γ ∈ (0, 1) or let it be a hyperplane. We will denote by ν(x) the unit outer
normal vector to S at the point x ∈ S and by Bν(x) the operator (ν(x), B), where (·, ·) denotes the scalar product
in Rd.

In report will be considered the following problems:

1. Cauchy problems for the equations

(a) ∂u
∂t (t, x) = Au(t, ·)(x) + (a(x), Bu(t, ·)(x)), t > 0, x ∈ Rd, where (a(x))x∈Rd is a Rd-valued function;

(b)
∂u

∂t
(t, x) = Au(t, ·)(x), (t, x) ∈ (0,+∞)× (Rd \ S);

r(x) ∂u
∂t (t, x) = 1+q(x)

2 Bν(x)u(t, ·)(x+)− 1−q(x)
2 Bν(x)u(t, ·)(x−), (t, x) ∈ (0,+∞)× S, where (r(x))x∈S

and (q(x))x∈S are some continuous real-valued functions;

2. initial-boundary-value problems for the equation ∂u
∂t (t, x) = Au(t, ·)(x) with the boundary condition

1 + q(x)

2
Bν(x)u(t, ·)(x+)− 1 − q(x)

2
Bν(x)u(t, ·)(x−) = r(x)u(t, x), (t, x) ∈ (0,+∞)× S.

We are interested in the question of whether there are any probabilistic representations of the solutions to
these problems. For details, see [1, 2, 3, 4, 5, 6, 7].
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On the pointwise estimation of the one-sided approximation to the class
W̆r

∞, 0 < r < 1

A.M. Pasko
Department of Mathematical Analysis and Theory of Functions, Oles Honchar Dnipro National University, Dnipro, Gagarin

Avenue, 72, Ukraine

a.pasko2016@gmail.com

The problem of one-sided approximation is one of the most interesting problems of the approximation the-
ory. A great number of outstanding scientists investigated the task of one-sided approximation, in particular
pointwise one-sided approximation. Our topic is pointwise one-sided approximation to the class W̆r

∞, 0 < r < 1.
Consider the number r > 0, r /∈ N. Let Wr

∞ be the class of functions fr defined by the equality

fr(x) =
1

Γ(r)

∫ x

−1
(x − t)r−1 f (t)dt + P(x), x ∈ [−1, 1],

where Γ(r) is the Euler gamma function, the function f is measurable and almost everywhere | f (t)| ≤ 1, P is an
algebraic polynomial of degree not greater than [r − 1] ([a] is the greatest integer less than or equal to a). Let W̆r

∞

be the the class of all functions defined by Cauchy principal value integral

S( f )(x) :=
1
π

∫ 1

−1

f (t)

t − x

√
1 − t2dt, f ∈ Wr

∞,

where x ∈ (−1; 1).
A.M.Pasko, O.O. Kolesnik [1] have proved that for every r ≥ 1 and f ∈ W̆r

∞ there is a sequence of algebraic
polynomials P+

n,r of degree not greater than n such that ∀x ∈ (−1; 1)

0 ≤ P+
n,r(x)− f (x) ≤ 2K̃r

nr
(
√

1 − x2)r+1+

+Cr

(
1

nr+{r} (
√

1 − x2)[r]+1 +
ln n

nr+1

(
1
n
+
√

1 − x2

)r)
,

if [r] is odd,

0 ≤ P+
n,r(x)− f (x) ≤ 2K̃r

nr
(
√

1 − x2)r+1+
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+Cr

(
(
√

1 − x2)[r]

nr+{r}

(
1
n
+
√

1 − x2

)
+

ln n

nr+1

(
1
n
+
√

1 − x2

)r
)

,

if [r] is even. The symbol {r} means fraction part of a number r, {r} = r − [r]. The constant Cr depends only of r.
But the problem of pointwise estimation of the one-sided approximation to the class W̆r

∞, 0 < r < 1, remained
unsolved. We have solved this problem [2] proving the theorem.

Theorem 1. For every function f ∈ W̆r
∞, 0 < r < 1, there is a sequence of algebraic polynomials P+

n,r of degree not greater

than n such that ∀x ∈ (−1; 1)

0 ≤ P+
n,r(x)− f (x) ≤ 2K̃r

nr
(
√

1 − x2)r+1 +
Cr ln n

n2r

(
1
n
+
√

1 − x2

)
.

The constant Cr depends only of r.

[1] A.M. Pasko, O.O. Kolesnik, The pointwise estimations of one-sided approximations to some class of singular integrals,
Res. Math. 18 (2013), 141–144 (in Ukrainian)

[2] A.M. Pasko, The pointwise estimation of the one-sided approximation of the class W̆r
∞, 0 < r < 1, Res. Math. 28(1)

(2020), 22–28

Invertible elements as metric invariants in Banach and Jordan-Banach
algebras

A.M. Peralta
Instituto de MatemГЎticas de la Universidad de Granada (IMAG). Departamento de Análisis Matemático, Facultad de

Ciencias, Universidad de Granada, 18071 Granada, Spain.

aperalta@ugr.es

It is known that the structure of the group, A−1, of invertible elements in an associative unital Banach algebra
A does not determine uniquely the structure of the algebra, there are examples of non-isomorphic unital Banach
algebras A and B whose groups of invertible elements are topologically isomorphic. If we also assume a preserva-
tion of the metric structure induced by the norm on A−1 the conclusion is quite different. O. Hatori proved in [1]
that, for each surjective isometry ∆ from an open subgroup of the group of invertible elements in an associative
unital semisimple commutative Banach algebra A onto an open subgroup of the group of invertible elements in
an associative unital Banach algebra B, the mapping ∆(1)−1∆ is an isometric group isomorphism, which extends
to an isometric real-linear algebra isomorphism from A onto B.

In this talk we shall try to understand the general form of a bijection preserving distances between the sets,
M−1 and N−1, of invertible elements of two unital Jordan-Banach algebras M and N, respectively. In this case, if
M ⊆ M−1 and N ⊆ N−1 are clopen subsets of M−1 and N−1, respectively, which are closed for powers, inverses
and products of the form Ua(b), and ∆ : M → N is a surjective isometry, then there exists a surjective real-linear
isometry T0 : M → N and an element u0 in the McCrimmon radical of N such that ∆(a) = T0(a) + u0 for all
a ∈ M [2]. The conclusion is even more satisfactory in the case of unital JB∗-algebras.

Acknowledgements Author partially supported by MCIN/AEI/FEDER “Una manera de hacer Europa”
project no. PGC2018-093332-B-I00, Junta de Andalucı́a grants FQM375, A-FQM-242-UGR18 and PY20 00255, and
by the IMAG–María de Maeztu grant CEX2020-001105-M/AEI/10.13039/501100011033.
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Banach lattice structure on the Riesz space of orthogonally additive
operators

M. Popov
Faculty of Mathematics and Computer Science, Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk,

Shevchenko Str. 57, Ukraine

misham.popov@gmail.com

The Riesz space structure on the set U (E, F) of all order bounded orthogonally additive operators acting from
a Riesz space E to a Dedekind complete Riesz space F is well known due to papers by J. M. Mazón, S. Segura de
León [1], [2].

A function T : E → F between Riesz spaces is called an orthogonally additive operator (OAO in short) provided
T(x + y) = T(x) + T(y) for all x, y ∈ E with x ⊥ y, that is, |x| ∧ |y| = 0. An OAO T is said to be positive (write
T ≥ 0) provided T(x) ≥ 0 for all x ∈ E. The linear space of all OAOs from E to F is endowed with the order
S ≤ T ⇔ T − S ≥ 0. If F is Dedekind complete then U (E, F) is a Dedekind Riesz space with respect to the above
order.

In the present talk based on recent paper [3], I am going to define a norm on U (E, F) such that the set UB(E, F)

of all bounded with respect to this norm elements of U (E, F) is a Dedekind complete Banach lattice which is a
sublattice of U (E, F). One of the results, which are going to be present, asserts that if E is an AL-space, F a
Banach lattice with a Fatou-Levi norm (in particular, a KB-space) then the Banach lattice L(E, F) = Lr(E, F) of
all continuous linear (regular) operators from E to F is a 1-complemented subspace of UB(E, F). If, moreover,
both E and F are separable then there are plenty of corresponding contractive projections: for every S ∈ L(E, F)+

there exists T ∈ UB(E, F) such that for every S1 ∈ L(E, F) with |S1| ≤ S there is a contractive projection Φ of
UB(E, F) onto L(E, F) with Φ(T) = S1. Note that, being a subspace of UB(E, F), the Banach lattice Lr(E, F) is
not a sublattice of UB(E, F), because the order on Lr(E, F) differs from the order on UB(E, F).

[1] J. M. MAZÓN, S. SEGURA DE LEÓN, Order bounded orthogonally additive operators, Rev. Roumane Math. Pures
Appl. 35, (1990), no. 4, 329–353.

[2] J. M. MAZÓN, S. SEGURA DE LEÓN, Uryson operators, Rev. Roumane Math. Pures Appl. 35, (1990), no. 5,
431–449.

[3] M. Popov, Banach lattices of orthogonally additive operators, J. Math. Anal. Appl. Published online 29 April 2022,
126279. DOI: https://doi.org/10.1016/j.jmaa.2022.126279
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Factorization algorithm for matrices of discrete wavelet functions on the
Galois function base
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In these materials the factorization algorithm for matrices with values of discrete wavelet functions with
mother wavelet functions Galois Galn,m,k(t) is offered. Normalized functions Galn,m,k(t) = ±1 are piecewise-

constants in intervals t ∈
[

q
l , q+1

l

)
, where t = N

M θ; N = 2p – quantity of functions in the system; p = 1, 2, 3, . . .;

m = 0, 1, . . . , log2 N + 1; k = 0, 1, . . . , N · 2−m; q = 0, 1, . . . , lN − 1; l = 2n−1. Values of piecewise-constant
functions Galn,m,k(t) at equidistant points t = q

l are written as a matrix. Each row of this matrix is a discrete
function.

It is established that the matrices of discrete wavelet functions Galn,m,k(t) are factorized and presented in the
form of the product of partially observed matriСЃes of smaller dimension.

The algorithm for factorization matrices of discrete wavelet functions based on the Galois functions contains
the following steps:

1. to determine the matrices of filter coefficients hi for scaling functions and gi for wavelet functions, respec-
tively G1

2n = [h0 h1 ... h2n−1] and
G2

2n = [g0 g1 ... g2n−1] with elements hi ∈ {−1; 0; 1}, gi ∈ {−1; 0; 1},
i = 0, 1, . . . , log2 N − 1;

2. to build partially observed matrices WG1, WG2,..., WGlog2N

WG1 =

[
G1

2n

G2
2n

]
⊕ IN−2r+1 ⊗ G1

2n−1 ,

WGr+1 =

[
I2r ⊗⊕2n−1

i=0 [h2i h2i+1]

I2r ⊗⊕2n−1
i=0 [g2i g2i+1]

]
⊕ I2n−1N−2r+1,

where IN is an identity matrix of size N; r = 0, 1, . . . , log2 N − 1; ⊕ and ⊗ are the signs of the Kronecker
sum and the product of matrices respectively;

3. to form matrix of discrete wavelet functions with mother wavelet functions Galois as a product of partially
observed matrices

G = C ×WG1 ×WG2 × ... ×WGlog2N ,

C – matrix of coefficients.

[1] N.V. Prevysokova, Family of wavelet functions on the Galois function base, Carpathian Mathematical Publications
8(2) (2016), 295–304

[2] L.B. Petryshyn, Theoretical bases of transformation and digital information processing in Galois basis, Inst.
of contents and teaching methods, Kyiv, 1997

[3] L.A. Zalmanzon, Preobrazovaniya FurвЂ™e, Uolsha, Khaara i ikh primenenie v upravlenii, svyazi i drugikh
oblastyakh (Fourier, Walsh, and Haar Transforms and Their Applications in Control, Communication, and
Other Fields), Nauka, Moscow, 1989
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Some problems related to the Banach-Mazur rotations problem
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A Banach space X is called transitive if for every two points x, y in the unit sphere of X there exists a surjective
isometry T of X onto itself such that Tx = y, and X is called almost transitive if for every x in the unit sphere of
X the set {Tx : T a surjective isometry of X} is norm dense in the unit sphere of X.

The famous Banach-Mazur rotations problem, that goes back to the Lviv School of Mathematics in the 1930s,
asks whether every separable Banach space with a transitive norm is isometric to a Hilbert space. This problem
has been studied by numerous mathematicians, and it has been resolved in the negative for nonseparable Banach
spaces by Pełczyński and Rolewicz in 1964, but it still remains open for separable spaces.

The work on the Banach-Mazur problem led to development of many related notions which are interesting in
their own right. In particular, there are multiple examples of almost transitive separable Banach spaces, and in
some sense they are very abundant, namely, Lusky proved in 1979 that every separable Banach space is isometric
to a 1-complemented subspace of some separable almost transitive Banach space. On the other hand, there exist
Banach spaces that are not isomorphic to any almost transitive Banach space (but C[0, 1] is not one of these
spaces!).

In this talk I will discuss some recent results and problems on notions related to transitivity and almost tran-
sitivity of Banach spaces.

A study of norm-attaining nuclear operators and projective tensors

Ó. Roldán
Departamento de Análisis Matemático, Facultad de Ciencias MatemГЎticas, Universitat de València, Calle Doctor Moliner

50, 46100 Burjassot (Valencia), Spain

oscar.roldan@uv.es

Let X and Y be two Banach spaces. The set of norm-attaining operators from X to Y, and the question of
when it forms a dense subset, has been studied extensively for the last 6 decades. In the recent years, this kind
of topics has also been studied adapted to several other classes and subclasses of mappings, such as compact
operators, multilinear mappings, or homogeneous polynomials. In this talk, we will introduce and study similar
norm-attainment questions for the projective tensor product space X⊗̂πY and for the space of nuclear operators
N (X, Y). We will show that there exist tensors and nuclear operators which attain their respective norms, and
there are others that do not attain their norms. The question of whether or not the norm-attaining elements in
these spaces can be dense will also be tackled, and we will show that this question has an afirmative answer in a
number of classical Banach spaces, including the Lp spaces, L1 predual spaces, or Banach spaces with a monotone
Schauder basis, among others. Finally, we will show that there are also spaces X and Y for which such density
does not hold in X⊗̂πY.

This talk is based on a joint work with Sheldon Dantas, Mingu Jung and Abraham Rueda Zoca (see [1]). The
author was supported by the Spanish Ministerio de Universidades, grant FPU17/02023, and by project MTM2017-
83262-C2-1-P/MCIN/AEI/10.13039/501100011033 (FEDER).

[1] Sheldon Dantas, Mingu Jung, Óscar Roldán and Abraham Rueda Zoca, Norm-attaining tensors and nuclear

operators, Mediterranean Journal of Mathematics 19(1) (2022), Paper no. 38, 27pp.
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Kolmogorov widths of classes of periodic functions with mixed
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We consider the approximations of the classes Br
p,θ(T

d) of periodic functions of many variables with domi-
nating mixed smoothness and establish the estimates of M-th Kolmogorov width in the metric of the QC-space
of quasi-continuous functions [1].

Let Rd, d ≥ 1, be the d-dimensional Euclidean space with the elements x = (x1, . . . , xd) and (x, y) = x1y1 +

. . . + xdyd. Denote by Lp(Td), Td = ∏
d
j=1[0, 2π), 1 ≤ p ≤ ∞, the space of functions f (x) that are 2π-periodic in

each variable, with a standard finite norm.
Let Φ be a centrally symmetric set of the normed space X and let LM be a subspace of dimension M of the

space X . Then the quantity
dM

(
Φ, X

)
= inf

LM

sup
f∈Φ

inf
u∈LM

‖ f − u‖X ,

is called the M-dimensional Kolmogorov width of the set Φ in the space X .

For function f ∈ L1(T) with the Fourier series f ∼
∞

∑
s=0

δs( f , x),

δ0( f , x) =
∫ 2π

0
f (x)dx, δs( f , x) = ∑

2s−1≤|k|<2s

f̂ (k)eikx, s = 1, 2, . . . ,

let us introduce the value

‖ f ‖QC(T) ≡
∫ 1

0

∥∥∥∥
∞

∑
s=0

rs(ω)δs( f , x)

∥∥∥∥
L∞(T)

dω,

where
{

rs(ω)
}∞

s=0 is the Rademacher system. By the space of quasi-continuous functions (denote QC(T)) we
mean the closure of the set of trigonometric polynomials with respect to this norm.

Spaces of quasi-continuous functions can also be defined in the multidimensional case (d ≥ 2):

‖ f ‖QC(Td) ≡
∥∥‖ f (·, x1)‖QC(T)

∥∥
L∞(Td−1)

,

where, for x = (x1, . . . , xd) ∈ Td we set by definition x1 = (x2, . . . , xd) ∈ Td−1. In other words, the QC(T)-norm
in these quantity is with respect to the variable x1 and the sup-norm with respect to the remaining.

We assume that the vector r, which is included in the definition of classes Br
p,θ has the form r = (r1, . . . , r1) ∈

Rd
+.

Theorem 1. Let d ≥ 2, 2 ≤ p ≤ ∞, r1 >
1
2 . Then for 2 ≤ θ < ∞ the following relation holds:

dM

(
Br

p,θ , QC
)
≍ M−r1

(
logd−1 M

)r1+
1
2− 1

θ
√

log M.

[1] A. S. Romanyuk, S. Ya. Yanchenko, Kolmogorov widths of the Nikol’skii–Besov classes of periodic functions of many

variables in space of quasi-continuous functions, Ukr. Mat. Zh. 74(2) (2022), 220–232.
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Ulam’s problem 19 and related problems
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This is a joint work with Maria Alfonseca, Alina Stancu and Vlad Yaskin. Ulam’s Problem 19 from the Scottish
Book asks: is a solid of uniform density which will float in water in every position a sphere? We will discuss this and
related problems formulated by Croft, Falconer and Guy.

Quasi-monomials with respect to rotation and translation subgroups of
affine plane group

N.M. Samaruk
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Str., 11, Ukraine
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Shevchenko Str., 57, Ukraine
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Let H be a subgroup of the plane affine group Aff(2) considered with the natural action on the vector space
of two-variable polynomials. The polynomial family {Bm,n(x, y)} is called quasi-monomial with respect to H if
the group operators in two different bases {xmyn} and {Bm,n(x, y)} have identical matrices. We obtain a crite-
rion of quasi-monomiality for the case when the group H is generated by rotations and translations in terms of
exponential generating function for the polynomial family {Bm,n(x, y)}.

[1] M. K. Hu, Visual pattern recognition by moment invariants, IRE Trans. Inform. Theory. 8(2) (1962), 179–187

[2] M. Pawlak. Image Analysis by Moments: Reconstruction and Computational Aspects. Wydawnictwo Po-
litechniki, Wroclaw, 2006.

[3] G.A. Papakostas, вЂњOver 50 Years of Moments and Moment InvariantsвЂќ, in Moments and Moment In-
variants вЂ“ Theory and Applications, G.A. Papakostas (Ed.), GCSR vol. 1, pp. 3-32, Science Gate Publishing,
2014.

[4] J. Flusser, T. Suk, B. Zitová, 2D and 3D Image Analysis by Moments, John Wiley and Sons, 2017

[5] J. Flusser, On the independence of rotation moment invariants, Pattern Recogn. 33(9) (2000), 1405вЂ“1410

[6] B. Yang, G. Li, H. Zhang, M. Dai, Rotation and translation invariants of Gaussian-Hermite moments, Pattern
Recognition Letters, 32(2) (2011), 1283-1298

[7] R. Mukundan, S. H. Ong, , P. A. Lee, Image analysis by Tchebichef moments, IEEE Transactions on Image Pro-
cessing, 10(9) (2001), 1357вЂ“1364
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Borel and Picard exceptional vectors for analytic curves in a disc
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We will use main results and notations of theory of entire and analytic curves from [1] and [2]. A vectorvalued
functions

~H(z) = (h1(z), h2(z), . . . , hn(z))

is called analytic curves in a disc, if every component hj(z) is an analytic function in the disc. Without loss of
generality we assume that the disc D = {z ∈ Z : |z| < 1} is unit.

Let us consider analytic curves with linearly independent components and without common zeros. There was
described [3] a structure of set of Borel and Picard exceptional vectors for entire curves. Now we claim that these
results can be generalized for curves which are analytic in a disc. Particularly, the following theorem is valid.

Theorem 1. For any analytic curve F : D → Cp such that limr→1
T(r,~H)

− ln(1−r)
= +∞ the set of Borel exceptional vectors

together with the zero vector is a finite union of subspaces B1, B2, . . . , Bm in Cp of dimension at most p − 1. Moreover,

dim B1 + dim B2 + . . . + dim Bm ≤ p and Bi ∩ Bj =
{
~0
}

for any i, j = ~1, m, i 6= j, where B is a subspace from Cp

generated as a linear span of all basis vectors from B1, B2, . . . , Bm.

A structure of Picard exceptional vectors can be described similarly.

[1] V.P. Petrenko, Entire curves. - Kharkiv: Vyshcha shkola, 1984 (in Russian).

[2] A.A. Gol’dberg, Some questions of the theory of distribution of values of meromorphic functions, in: G. Wittich,
Latest Investigations on Single-Valued Analytic Functions, Fizmatgiz, Moscow (1960). (in Russian).

[3] Ya.I. Savchuk, A.I. Bandura, Structure of the set of Borel exceptional vectors for entire curves. II. Mat. Stud.
(2021), Vol. 55 (2), 137-145. doi: 10.30970/ms.55.2.137-145.

An extremal problem for the invariant differential operators on class of
Cauchy type integrals
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The differential operators D1 ( f ) (z) := (1 − |z|2) f ′(z) and D2 ( f ) (z) := D2
1 ( f ) (z) = (1 − |z|2)2 f ′′(z) −

2z(1 − |z|2) f ′(z), defined on the space of holomorphic functions in the unit disk D := {z ∈ C : |z| < 1},
are invariant with respect to compositions with fractionally linear functions. They arise naturally on studies of
holomorphic functions from the Bloch class which plays an important role in the geometric theory of functions. It
is known that the images of the operators |Dj|, j = 1, 2, on B are Lipschitz with respect to the pseudo-hyperbolic
metric ρ (z, w) in D. Namely, it was proved in [1] that

sup
f∈B

||D1 ( f ) (z)| − |D1 ( f ) (w)||
ρ (z, w)

=
3
√

3
2

, z, w ∈ D.

In this talk, we give the solution of extremal problem about the exact value of the quantity

A(z, w) :=





sup f

|D1 ( f ) (z)− D2 ( f ) (w)|
ρ (z, w)

, w 6= z,

sup f |D2( f )(z)|, w = z,
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when f runs a class of Cauchy type integrals K, which consist from the holomorphic functions f , such that

f (z) =
∫

T

ϕ(t)

1 − tz

dt

2πit
, z ∈ D,

where ϕ is essentially bounded function on T := {t ∈ C : |t| = 1} with

dist
(

ϕ, H∞(T)
)
≤ 1. The function for which the supremum is attained called the extremal for A(z, w).

Theorem 2. Let z, w ∈ D and arg z = arg w. Then we have A(z, w) = 2. The only functions extremal for A(z, w) are

f (t) = λ
(t − z)(t − w)

(1 − tz)(1 − tw)
,

where λ is unimodular constant.

[1] C. Xiong. On the Lipschitz continuity of the dilation of Bloch functions. Per. Math. Hung. 47, 1вЂ“2, (2003), 233–
238.
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Let f be a function holomorphic in the unit disk D := {z ∈ C : |z| < 1} and let

f (z) =
∞

∑
j=0

f̂ jz
j, f̂ j :=

f (j)(0)
j!

,

be its Taylor expansion. Denote Br, r > 0 the class of holomorphic functions f for which | f (r)(z)| ≤ 1, |z| < 1.
The Cesàro means σα

n ( f ), n = 1, 2, . . . , α > −1, for Taylor series of function f are defined by

σα
n [ f ](z) =

1
Aα

n−1

n−1

∑
j=0

Aα
n−j−1 f̂ jz

j.

Theorem. Let f be a function holomorphic in D and α ≥ 1. The statements are equivalent:

1) for all n ∈ N, z ∈ D and any numerical sequence λ = {λk}∞
k=0, λk ≥ 0, λk ≥ λk+1, k ∈ Z+

n−1

∑
k=0

λk (Aα
k )

2 ∣∣ f (z)− σα
k+1[ f ](z)

∣∣2 ≤ |z|2
n−1

∑
k=0

λk

(
Aα−1

k

)2
;

2) for all n ∈ N, z ∈ D

| f (z)− σα
n [ f ](z)| ≤ α|z|

n + α − 1
;

3) f ∈ B1.

Corollary. For any arbС–trary n ∈ N and z ∈ D, the following equality is true

max
f∈B1

| f (z)− σα
n [ f ](z)| = α|z|

n + α − 1
.

The maximum is attained for the function f (z) = az + b, a, b ∈ C, |a| = 1.
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Denote by Λ
+, Λ

−, W(k), E+(k), E−(k), E(k), ∆m,2n(k) the next matrices

Λ
+ =

[
(iλs)

j−1
]m,n

j,s=1
, Λ

− =
[
(−iλs)

j−1
]m,n

j,s=1
,

W(k) =
[
(−µs‖k‖)j−1

]m

j,s=1
, E+(k) =

[
(iλs)

j−1eiλs‖k‖α
]2n,n

j,s=1
,

E−(k) =
[
(−iλs)

j−1e−iλs‖k‖α
]2n,n

j,s=1
, E(k) =

[
νj(−µs‖k‖)j−1e−µs‖k‖2β

]m

j,s=1
,

∆m,2n(k) =




Λ
+

Λ
− W(k)

E+(k) E−(k)
E(k)

02n−m,m


 ,

where {λ1, . . . , λn}, {µ1, . . . , µm} (n, m ∈ N) are sets of pairwise distinct real numbers, k = (k1, . . . , kp) ∈ Zp,

p ∈ N, ‖k‖ =
√

k2
1 + . . . + k2

p, i is the imaginary unit, α, β > 0, 02n−m,m is a (2n−m)×m-matrix with null entries.

The matrices ∆m,2n(k), k ∈ Zp\{~0}, arise in the study of correctness of one conjugation problem for partial
differential equation of mixed type [1]. If for some C > 0, η ∈ R the inequality

|det ∆m,2n(k)| ≥ C‖k‖−η (1)

is satisfied for all k ∈ Zp\{~0}, then there exists a unique solution of this problem that belongs to the Sobolev
space. We use metric approach [1, 2] and estimates for exponential functions that are connected with Touran
lemma [3] to obtain the next result.

Theorem 1. If η > (p + 1)(m − 1)m/2 + pm2, then for almost all (with respect to Lebesgue measure in the space Rm)

vectors ~µ = (µ1, . . . , µm) there exists constant C = C(~µ) > 0 such that (1) holds for all k ∈ Zp\{~0}.

[1] B.Yo. Ptashnyk, V.S. Il’kiv, I.Ya. Kmit’, V.M. Polishchuk. Nonlocal boundary value problems for partial dif-
ferential equations, Naukova Dumka, Kyiv, 2002. (in Ukrainian)

[2] V. G. Sprindžuk. Metric theory of Diophantine approximations, John Wiley, 1979, Translated by R. A. Silver-
man.

[3] Turan P. Eine neue Methode in der Analyses und deren Anwendungen, Acad. Kiado, Budapest, 1953.
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Let Ω be a non-empty set. A non-empty family I ⊂ 2Ω is called an ideal on Ω if I satisfies: Ω /∈ I; if A, B ∈ I

then A ∪ B ∈ I; if A ∈ I and D ⊂ A then D ∈ I. For a subset A ⊂ N denote αA(n) := |A ∩ [1, n]|, where |M|
stands for a number of elements in the set M ⊂ N. Let A ⊂ N. The natural density of A is d(A) := lim

n→∞

αA(n)

n
. The

ideal of sets A ⊂ N having d(A) = 0 is called the statistical ideal. We denote this ideal Is. In [1] authors introduced
the following generalization of the natural density. Let f : R+ → R+ be an unbounded modulus function, that
is f (x) = 0 if and only if x = 0; f (x + y) ≤ f (x) + f (y) for all x, y ∈ R+; f (x) ≤ f (y) if x ≤ y; f is continuous

from the right at 0; lim
n→∞

f (n) = ∞. Let f be a modulus function. The quantity d f (A) := lim
n→∞

f (αA(n))

f (n)
is called

the f -density of A ⊂ N. The ideal I f := {A ⊂ N : d f (A) = 0} is called the f -ideal. It is known that I f ⊂ Is.
In [3] the question of description of those modulus functions f for which I f = Is was approached. The authors

called a modulus function f compatible if for every ε > 0 there exists ε′ > 0 and n0(ε) ∈ N such that
f (ε′n)
f (n)

< ε

for all n ≥ n0. [3, Proposition 2.7] says that if f is a compatible function then Is ⊂ I f . Also in [3, Proposition
2.9] the inverse implication was claimed to be also true. Unfortunately, the proof of [3, Proposition 2.9] contains a

logical error. In the paper [4], with the help of the quantitive parameter h f (t) := lim sup
n→∞

f (n)

f (tn)
, we give complete

description of those modulus functions f for which I f = Is, which, in particular, fixes the gap in the proof of the
above mentioned result from [3, Proposition 2.9].

Theorem 1. For an unbounded modulus function f the following statements are equivalent: (1) Is = I f , (2) lim
t→∞

h f (t) =

0, (3) f is compatible.
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Let L be the space of integrable 2π-periodic functions, f ∈ L and let

S[ f ] =
a0

2
+

∞

∑
k=1

(ak cos kx + bk sin kx) =
∞

∑
k=0

Ak( f ; x)

be the Fourier series of a function f . Further, let ψ̄ = (ψ1, ψ2) be a pair of arbitrary number sequences such that
ψ2(k) = ψ2

1(k) + ψ2
2(k) 6= 0, k ∈ N. If the series

∞

∑
k=1

(ψ1(k)

ψ2(k)
Ak( f ; x)− ψ2(k)

ψ2(k)
Ãk( f ; x)

)
,

where Ãk( f ; x) = ak sin kx− bk cos kx, is the Fourier series of a certain function ϕ ∈ L, then ϕ is called ψ̄-derivative
of f and we write ϕ(·) = Dψ̄( f ; ·) = f ψ̄(·). Denote by Lψ̄ the subset of all functions f ∈ L, for which there exist
ψ̄-derivatives. Also let C be the space of continuous 2π-periodic functions, C ψ̄ := Lψ̄ ∩ C.

Note that, in the case where ψ1(k) = k−r cos rπ
2 and ψ2(k) = k−r sin rπ

2 , r > 0, the Ї ψ̄-derivative coincides
with the Weyl fractional derivative, which, in turn, coincides for natural r with the ordinary derivative of order r.

In the 1980s, Stepanets introduced the generalized ψ̄-derivatives (see, e.g., [1], [2]). Using these derivatives,
one can range the entire spectrum of integrable 2π-periodic functions from functions whose Fourier series can
diverge up to infinitely differential functions, including analytic and entire functions. It turns out that, without
substantial loss of generality, the sequences ψi(k), i = 1, 2, can be considered as the restrictions (to the set of
natural numbers) of certain positive, continuous, convex downward functions of continuous argument t ≥ 1 that
tend to zero as t → +∞. Denote the set of all these functions by M.

Here, our attention is devoted to studying the properties of the set D∞ of all infinitely differentiable 2π-
periodic functions in terms of their ψ̄-derivatives.

Following Stepanets [1], for the characterization of the rate of decrease of the functions ψ ∈ M, we use a pair
of functions η(t) = η(ψ, t) := ψ−1( 1

2 ψ(t)) and µ(t) = µ(ψ, t) := t
η(t)−t

, where ψ−1 is the function inverse to ψ.
Also we set

M+
∞ := {ψ ∈ M : µ(ψ, t) ↑ +∞}.

Note that for any positive α and r and real s and ε, the functions ts lnε(t + e) e−αtr
are typical representatives of

the set M+
∞.

Theorem 1. If f ∈ D∞, then there exists a function ψ ∈ M+
∞ satisfying the following conditions:

i) ψ′(t) is a locally absolutely continuous for t ≥ 1;

ii) the quantity α(ψ, t) = ψ(t)
t|ψ′(t)| monotonically decreases to zero on [1,+∞);

and f ∈ Cψ̄ (that is, the function f has ψ̄-derivatives f ψ̄) for all pairs ψ̄ = (ψ1, ψ2) such that

ψ(k) =
√

ψ2
1(k) + ψ2

2(k), k ∈ N.
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Denote by Wr
β̄,2 the set of all 2π-periodic functions f , representable as convolution

f (x) =
a0

2
+

1
π

π∫

−π

ϕ(x − t)Br,β̄(t)dt, a0 ∈ R, (1)

the fixed kernel Br,β̄(·) of the form: Br,β̄(t) =
∞

∑
k=1

k−r cos
(

kt − βkπ
2

)
, r >

1
2 , βk ∈ R, with functions ϕ ∈ B0

2 =

{g ∈ L2 : ‖g‖L2 ≤ 1, g ⊥ 1}.
If r ∈ N and βk ≡ r then the functions Br,β(·) are the well-known Bernoulli kernels and the classes Wr

β̄,2
coincide with the well-known classes Wr

2 which consist of 2π-periodic functions f with absolutely continuous
derivatives f (k) up to (r − 1)-th order inclusive and such that ‖ f (r)‖L2 ≤ 1. In addition, for almost everywhere
x ∈ R f (r)(x) = f r

r (x) = ϕ(x), where ϕ is the function from (1).
Further, let K be a convex centrally symmetric subset of C and let B be a unit ball of the space C. Let also FN

be an arbitrary N-dimensional subspace of space C, N ∈ N, and L (C, FN) be a set of linear operators from C to
FN . By P(C, FN) denote the subset of projection operators of the set L (C, FN), that is, the set of the operators A

of linear projection onto the set FN such that A f = f when f ∈ FN . The quantities

bN(K, C) = sup
FN+1

sup{ε > 0 : εB ∩ FN+1 ⊂ K},

dN(K, C) = inf
FN

sup
f∈K

inf
u∈FN

‖ f − u‖
C

,

λN(K, C) = inf
FN

inf
A∈L (C,FN)

sup
f∈K

‖ f − A f ‖
C

,

πN(K, C) = inf
FN

inf
A∈P(C,FN)

sup
f∈K

‖ f − A f ‖
C

,

are called Bernstein, Kolmogorov, linear, and projection N-widths of the set K in the space C, respectively.

Theorem 1. Let β̄ = {βk}∞
k=1, βk ∈ R, and n ∈ N. Then for all r ≥ n + 1

2
the following inequalities hold

1√
π

n−r


1 −

4
(

1 − 1
n

)2r

1 + 4
(

1 − 1
n

)2r




1
2

≤ P2n(W
r
β̄,2, C)

≤ P2n−1(W
r
β̄,2, C) ≤ 1√

π
n−r


1 +

2 + 1
n(

1 + 1
n

)r




1
2

,

where PN is any of the widths bN, dN , λN or πN .
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Let Cα,r
β Lp, α > 0, r > 0, β ∈ R, 1 ≤ p ≤ ∞, be the set of all 2π–periodic functions, representable for all

x ∈ R as convolutions of the form [1]

f (x) =
a0

2
+

1
π

π∫

−π

Pα,r,β(x − t)ϕ(t)dt, a0 ∈ R, ϕ ⊥ 1, ϕ ∈ Lp, (1)

where Pα,r,β(t) are generalized Poisson kernels

Pα,r,β(t) =
∞

∑
k=1

e−αkr
cos

(
kt − βπ

2

)
, α, r > 0, β ∈ R. (2)

If the functions f and ϕ are related by the equality (1), then function f in this equality is called generalized Poisson
integral of the function ϕ. The function ϕ in equality (1) is called as generalized derivative of the function f and
is denoted by f α,r

β .
Let En( f )Lp be the best approximation of the function f ∈ Lp in the metric of space Lp, 1 ≤ p ≤ ∞, by the

trigonometric polynomials tn−1 of degree n − 1, i.e.,

En( f )Lp = inf
tn−1

‖ f − tn−1‖Lp .

For any function f ∈ C by S̃n−1( f ; x) we denote the trigonometric polynom of the order n − 1, which interpo-

lates f (x) at the nodes x
(n−1)
k = 2kπ

2n−1 , k ∈ Z, namely such that

S̃n−1( f ; x
(n−1)
k ) = f (x

(n−1)
k ), k = 0, ..., 2n − 2. (3)

Our aim is to obtain the asymptotically best possible inequalities for the quantities

ρ̃n( f ; x) = f (x)− S̃n−1( f ; x), f ∈ Cα,r
β Lp.

For arbitrary α > 0, r ∈ (0, 1) and 1 ≤ p ≤ ∞ we denote by n∗ = n∗(α, r, p) the smallest integer n such that

ln πn

αrnr
+

αrχ(p)

n1−r
≤





1
14 , p = 1,

1
(3π)3 · p−1

p , 1 < p < ∞,
1

(3π)3 , p = ∞,
(4)

where χ(p) = p at 1 ≤ p < ∞ and χ(p) = 1 при p = ∞.
The following theorem holds.

Theorem 1. Let 0 < r < 1, α > 0, 1 < p < ∞, β ∈ R i n ∈ N. Then for all x ∈ R and arbitrary function f ∈ Cα,r
β Lp at

n ≥ n∗(α, r, p) the following inequality takes place

|ρ̃n( f ; x)| ≤ 2e−αnr
n

1−r
p

∣∣∣∣sin
2n − 1

2
x

∣∣∣∣


 2‖ cos t‖p′

π
1+ 1

p′ (αr)
1
p

F
1
p′
(

1
2

,
3 − p′

2
;

3
2

; 1
)

+ γ∗
n,p




1 +

(αr)
p′−1

p

p′ − 1


 1

n
1−r

p

+
p

1
p′

(αr)
1+ 1

p nr




 En( f α,r

β )Lp , (5)

75



Moreover for any function f ∈ Cα,r
β Lp one can find a function F (·) = F ( f ; n; x; ·), such that En(F α,r

β )Lp = En( f α,r
β )Lp

and for n ≥ n∗(α, r, p) the following equality holds

|ρ̃n(F ; x)| = 2e−αnr
n

1−r
p

∣∣∣∣sin
2n − 1

2
x

∣∣∣∣


 2‖ cos t‖p′

π
1+ 1

p′ (αr)
1
p

F
1
p′
(

1
2

,
3 − p′

2
;

3
2

; 1
)

+ γ∗
n,p




1 +

(αr)
p′−1

p

p′ − 1


 1

n
1−r

p

+
p

1
p′

(αr)
1+ 1

p nr




 En( f α,r

β )Lp . (6)

In (5) and (6) the quantities γ∗
n,p = γ∗

n,p(α, r, β, f , x) are such that |γ∗
n,p| ≤ 20π4.

[1] A.I. Stepanets, Methods of Approximation Theory, VSP: Leiden, The Netherlands, Boston, MA, USA, 2005.
S. MacLane, Categories for the Working Mathematician, 2nd ed., Springer-Verlag, N.Y., 1998

On the inverse Poletsky inequality for one class of mappings

E.A. Sevost’yanov
Zhytomyr Ivan Franko State University, Zhytomyr, Ukraine

Institute of Applied Mathematics and Mechanics of NAS of Ukraine, Slov’yans’k

esevostyanov2009@gmail.com

Let X and Y be two spaces with measures µ and µ ′, respectively. We say that a mapping f : X → Y has N-

property of Luzin, if from the condition µ(E) = 0 it follows that µ ′( f (E)) = 0. Similarly, we say that a mapping
f : X → Y has N ′-Luzin property, if from the condition µ ′(E) = 0 it follows that µ( f −1(E)) = 0. We put

l( f ′(x)) = min
h∈Rn\{0}

| f ′(x)h|
|h| , ‖ f ′(x)‖ = max

h∈Rn\{0}
| f ′(x)h|

|h| , J(x, f ) = det f ′(x) . Fix p > 1. We define the inner

dilatation of f at x of the order p by the relation KI,p(x, f ) =





|J(x, f )|
l( f ′(x))p , J(x, f ) 6= 0,

1, f ′(x) = 0,
∞, otherwise .

Given a mapping f : D →

Rn, a set E ⊂ D and y ∈ Rn, we define N(y, f , E) = card {x ∈ E : f (x) = y} , N( f , E) = sup
y∈Rn

N(y, f , E). If

N( f , D) < ∞, then we set
Q(y) := KO,p(y, f −1) = ∑

x∈ f −1(y)

KI,p(x, f ) . (1)

Let y0 ∈ Rn, 0 < r1 < r2 < ∞, A = A(y0, r1, r2) = {y ∈ Rn : r1 < |y − y0| < r2} . Given a mapping f : D → Rn,
a point y0 ∈ f (D) \ {∞}, and 0 < r1 < r2 < r0 = sup

y∈ f (D)

|y − y0|, we denote by Γ f (y0, r1, r2) a family of all

paths γ in D such that f (γ) ∈ Γ(S(y0, r1), S(y0, r2), A(y0, r1, r2)). Let Q∗ : Rn → [0, ∞] be a Lebesgue measurable
function, and Mα(Γ) denotes the α-modulus of a family Γ. We say that f satisfies the inverse Poletsky inequality at a

point y0 ∈ f (D) \ {∞} with respect to α-modulus if the relation

Mα(Γ f (y0, r1, r2)) 6
∫

A(y0,r1,r2)∩ f (D)

Q∗(y) · ηα(|y − y0|) dm(y) (2)

holds for any Lebesgue measurable function η : (r1, r2) → [0, ∞] with
r2∫

r1

η(r) dr > 1 .

Theorem 1. Let p > n − 1, and let f : D → Rn be a mapping that is differentiable almost everywhere and has N-Luzin

property with respect to the Lebesgue measure in Rn, such that N( f , D) < ∞, and let y0 ∈ f (D) \ {∞}, r0 = sup
y∈ f (D)

|y −

y0|. Let 0 < ε < ε0 < r0. Suppose, moreover, that D is a compact set in Rn, f −1(S(y0, r1))∩ f −1(S(y0, r2)) = ∅ for any
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0 < r1 < r2 < ε0 and, in addition, m( f ({x ∈ D : J(x, f ) = 0})) = 0 . Suppose, in addition, that f has N −1-property

on S(y0, r) ∩ f (D) for almost all r ∈ (ε, ε0) relative to the Hausdorff measure Hn−1 on S(y0, r). If the function Q in (1)

belongs to L
n−1

p−n+1 ( f (D)), then f satisfies (2) at y0 for α = p
p−n+1 and Q∗(y) := Nα( f , D) · Q

n−1
p−n+1 (y).

The Landau-Kolmogorov Problem on a Finite Interval in the Taikov Case

D.S. Skorokhodov
Department of Mathematics and Mechanics, Oles Honchar Dnipro National University, Dnipro, pr. Gagarina 72, Ukraine

dmitriy.skorokhodov@gmail.com

Let I = [−1, 1], Lp, 1 ≤ p ≤ ∞, be the standard space of measurable functions f : I → R having integrable
p-th power or essentially bounded in case p = ∞, endowed with the standard norm ‖ · ‖p. For n ∈ N, let Ln

p be

the space of (n − 1)-times differentiable functions f : I → R such that f (n−1) ∈ AC and f (n) ∈ Lp.
Consider the following Landau-Kolmogorov problem that consists of finding

M(σ) := sup
{
‖ f (k)‖∞ : f ∈ Ln

2 , ‖ f ‖2 6 1, ‖ f (n)‖2 ≤ σ
}

,

where σ ≥ 0 is fixed. Its alternative formulation consists of finding the set of all sharp constants (A, B) in additive
Kolmogorov-type inequality

‖ f (k)‖∞ ≤ A · ‖ f ‖2 + B · ‖ f (r)‖2, f ∈ Ln
2 .

Also, we consider the pointwise versions of above problems, where ‖ f (k)‖∞ is replaced with | f (k)(t)|, t ∈ I is a
fixed, and M(σ) is replaced with Mt(σ).

For λ ≥ 0 and t ∈ (−1, 1), let u = uλ,t ∈ L2n
2 (−1, t) ∩ L2n

2 (t, 1) be the solution to




(−1)nu(2n)(x) + λu(x) = 0, x ∈ (−1, t) ∪ (t, 1),
u(s)(−1) = u(s)(1) = 0, s = 0, 1, . . . , n − 1,
u(s)(t+)− u(s)(t−) = (−1)k−1δn−k−1,s, s = 0, 1, . . . , 2n − 1.

Functions uλ,±1 can be defined as limiting case of uλ,t.

Theorem 1. Let k, n ∈ Z+, k ≤ n − 1, and t ∈ I. Then, for every f ∈ Lr
2 and λ ≥ 0, there holds sharp inequality

| f (k)(t)| ≤ ‖u
(n)
λ,t ‖2 · ‖ f ‖2 + ‖uλ,t‖2 · ‖ f (n)‖2.

Furthermore, for every σ ≥ 0, there exists a unique λ = λ(σ) ≥ 0 such that λ · ‖uλ,t‖ = σ · ‖u
(n)
λ,t ‖. Then Mt(σ) =

‖u
(n)
λ,t ‖+ σ · ‖uλ,t‖.

For n = 1 and n = 2, we solve the uniform version of the Landau-Kolmogorov problem on the interval I in
the Taikov case by proving the Karlin-type conjecture

M(σ) = sup
t∈I

Mt(σ) = M1(σ), ∀σ ≥ 0, (1)

Theorem 2. Let either n = 1 and k = 0 or n = 2 and k ∈ {0, 1}. Then conjecture (1) hold true.

Note that conjecture (1) follows from another conjecture: the derivative ϕ(n+k) of every eigen-function ϕ of

self-adjoint extension of differential operator (−1)nD2n with homogeneous boundary conditions u(s)(±1) = 0, s =

0, 1, . . . , n − 1, attains its maximal absolute value at the endpoints ±1, which we proved for n = 1, 2.
Finally, we prove, for k ∈ {n − 2, n − 1} and every f ∈ Ln

2 , sharp inequality

‖ f (k)‖∞ 6 ‖u
(n)
0,1 ‖2 · ‖ f ‖2 + ‖u0,1‖2 · ‖ f (n)‖2.
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One of the problems of analysis of systems of nonlinear random Boolean
equations

S.Ya. Slobodian
Department of Mathematical and Functional Analysis, Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk,

Ukraine

svitlana.slobodian@pnu.edu.ua

Let us consider a system of nonlinear random Boolean equations

gi(n)

∑
k=1

∑
1≤j1<...<jk≤n

a
(i)
j1...jk

xj1 . . . xjk = bi, i = 1, . . . , N, (1)

that satisfies conditions:
1) coefficients a

(i)
j1...jk

, 1 ≤ j1 < . . . < jk ≤ n, k = 1, . . . gi(n), i = 1, . . . , N, are independent random vari-

ables that take value 1 with probability P{a
(i)
j1...jk

= 1} = pik and value 0 with probability P{a
(i)
j1...jk

= 0} = 1 − pik;

2) elements bi, i = 1, . . . , N, are the result of the substitution of a fixed n-dimensional vector x0, that has
0 ≤ ρ(n) ≤ n components equal to one, in the left-hand side of the system (1);

3) function gi(n), i = 1, . . . , N, is nonrandom, gi(n) ∈ {2, . . . , n}, i = 1, . . . , N.
Knowing the functional dependence of the average number of solutions of nonlinear random Boolean equa-

tions system on the number of equations, we are interested to estimate the minimum number of equations N0 for
which the average number of solutions of a beforehand consistent random system does not exceed 1

N0 = min {N : E (νn,N − 1) ≤ 1, E (νn−1,N − 1) > 1} ,

where νn,N is the number of false solutions of the system (1), i.e. the number of solutions of the system (1) different
from the vector x0.

[1] V.I. Masol, Moments of the number of solutions of a system of random Boolean equations, Random Oper. Stoch. Eqs.
1(2) (1993), 169–177

[2] A.A. Levitskaia, Systems of random equations over finite algebraic structures, Cybernetics and systems analysis
41(1) (2005), 82–116 (in Russian)

On the conditions for the existence of a uniform asymptotic solution
systems of singularly perturbed differential equations with differential

turning point

V.V. Sobchuk, I.O. Zelenska
Taras Shevchenko National University of Kyiv, Kyiv, Volodymyrska Street 60, Ukraine

v.v.sobchuk@gmail.com, Kopchuk@gmail.com

Currently, there are many methods for exploring problems with turning points. To build a uniform asymp-
totics of the solution, the so-called "reference methods" are used, associated with the simplest differential Airy
equation of the form:

U′′(t)± tU(t) = r(x)

with turning points when the function r(x) has zeros or changes sign. Problems with turning points are widely
used in the field of application. They are related to physical situations in which zeros correspond to the limit
of motion of a wave mechanical particle bound by a potential field ([5]). Turning points also occur in the theory
of elasticity, optics, geophysics and other branches of natural sciences. Moreover, a wide class of differential
equations with Bessel-type singularities and their perturbations can be reduced to differential equations with
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turning points. Investigations of inverse problems for equations with turning points and singularities help to
study extended solutions for some nonlinear integrated evolutionary equations of mathematical physics.

Consider the system of form:
εY′(x, ε)− A(x, ε)Y(x, ε) = h(x), (1)

when ε → 0, x ∈ [−L, L], Y(x, ε) = colon(y1(x, ε), y2(x, ε), y3(x, ε)) - is an unknown vector function, h(x) =

colon(0, 0, h(x)) – is a given vector function,

A0(x) =




0 0 0
0 0 1

−b(x) −a(x) 0


 , A1 =




0 1 0
0 0 0
0 0 0


 ,

– is known matrix, where a(x) = xã(x), b(x) – infinitely differentiable functions on a segment [−L; L].
To construct uniform asymptotics of the solution of the system (1) apply the methodology developed for the

Liouville equation and singularly perturbed systems with an algebraic turning point ([1, 2, 3]).
Then instead of a function y(x, ε) we will study the extended function ỹ(x, t, ε), moreover, the expansion is

carried out as follows in such a way that identity takes place ỹ(x, t, ε)
∣∣∣t=ε−p·ϕ(x) ≡ y(x, ε) , which is a necessary

condition for the regularization method.([6])
To determine the extended function, we obtain an extended vector equation

L̃ỹ(x, t, ε) ≡ ε1−p ϕ′ ∂ỹ(x, t, ε)

∂t
+ ε

∂ỹ(x, t, ε)

∂x
− A(x, ε)ỹ(x, t, ε) = h(x). (2)

We construct a uniform asymptotics of the solution of the extended equation (1) in kind of

ỹ(x, t, ε) = αik(x, ε)Ui(t) + εγβik(x, ε)U′
i (t) + + fk(x)ψ(t) + εγgk(x)ψ′(t) + ω(x, t, ε), (3)

where αki(x, ε), βik(x, ε), fk(x, ε), gk(x, ε), ωk(x, ε) ∈ C∞[−L; L], k = 1; 3. Where functions Ui(t), i = 1, 2 – are Airy
functions ([4]), ψ(t) – essentially a special function, first described ([6]).

Substitute (3) into the equation (1), as a result we get vector equations

U′
i (t) : ε1−pαik(x, ε)ϕ′(x)− εγ[A0(x) + εA1]βik(x, ε) = −ε1+γβ′

ik(x, ε), (4)

Ui(t) : ε1+γ−2pβik(x, ε)ϕ(x)ϕ′(x)− [A0(x) + εA1]αik(x, ε) = −εα′
ik(x, ε).

In the equations (4) it is necessary to reduce the small parameter by degrees. This will ensure the analyticity
of vector functions αki(x, ε), βik(x, ε) relatively small parameter ε > 0. To this end, we examine the system of
exponents: 




1 − p + s1 = 0
1 − p + s2 = γ + k3

1 − p + s3 = γ + k1 = γ + k2

1 + γ − 2p + k1 = 0
1 + γ − 2p + k2 = s3

1 + γ − 2p + k3 = s1 = s2.

(5)

After the basic transformations, we get:

p =
2
3

, γ =
1
3

, k1 = k2 = s3 = 0, s1 = s2 = k3 = −1
3

. (6)

Then the formal solution of the problem (1) we will look for in the form:

ỹ(x, µ−2ϕ(x), ε) = αik(x, ε)Ui(µ
−2ϕ(x)) + µβik(x, ε)U′

i (µ
−2ϕ(x))+ (7)

+ fk(x)ψ(µ−2ϕ(x)) + µgk(x)ψ′(µ−2ϕ(x)) + ω(x, µ−2ϕ(x), ε),

where µ3 = ε.
Let us write the main result of this paper is the following theorem.

Theorem 1. Asymptotic solution (7) of system (1) when ε → 0 on the [0; L] exists if and only if the conditions take place(6).
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Gauss-Lucas theorem in polynomial dynamics and consequences

M. Stawiska-Friedland
AMS/Mathematical Reviews, 416 Fourth Street, Ann Arbor, MI 48103-4816, USA

stawiska@umich.edu

Using versions of the Gauss-Lucas theorem adapted to dynamics, we prove that for every complex polynomial
p of degree d ≥ 2 the convex hull Hp of the Julia set Jp of p satisfies p−1(Hp) ⊂ Hp. This settles positively a
conjecture by Per Alexandersson (Convex Julia sets, Math Overflow question, April 2, 2020). We further prove
that the equality p−1(Hp) = Hp is achieved if and only if p is affinely conjugated to the Chebyshev polynomial
Td of degree d, to −Td or to a monomial czd with |c| = 1.

[1] Stawiska, Małgorzata Convex hulls of polynomial Julia sets, Proc. Am. Math. Soc. 149(1) (2021), 245–250

The synthesis problem for linear systems to a non-equilibrium point

K.V. Stiepanova, V.I. Korobov
Applied Mathematics Department, V. N. Karazin Kharkiv National University, Kharkiv, 4 Svobody pl., Ukraine

e.v.stiepanova@karazin.ua

We are going to construct a control u(t) of the following type of system

ẋ = Ax + bu, x ∈ Rn, u ∈ Ω ⊂ Rm, (1)

for which the trajectory starting at an arbitrary point x0 ∈ Rn transfers into a given non-equilibrium point xT ∈ Rn

in a finite time T = T(x0, xT). Assume that the condition (b, Ab, . . . , An−1b) = n holds. If this condition is not
satisfied, then there are points of space Rn from which it is impossible to attain to the origin in any finite time,
and therefore it is impossible to solve problem of synthesis [1]. Since we are interested in the study of globally
controlled systems, ‖u(t)‖ ≤ d for all t ∈ [0, T] hold and eigenvalues of the matrix A have non-positive real parts.
Let u(t) be a control, which transfers x0 to xT in a finite time along the trajectory x(t) of system (1) according to

the Cauchy formula: x(t) = eAt
(

x0 +
t∫

0
e−Aτbu(τ)dτ

)
. Let us denote x(T) = xT , put t = T which is the time of

getting to the xT :

x0 − e−ATxT = −
T∫

0

e−Aτbu(τ)dτ. (2)
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If T were given, then the problem of getting to a stationary or even non-equilibrium point would be reduced
to the problem of getting from a fixed point (x0 − e−ATxT) to zero. The difficulty is that we do not know T,
and the left side of equality (2) depends on T. By virtue of identity (2), it is enough to find a trajectory that
connects (x0 − e−ATxT) and the origin in a finite time T. Since we need to find this time T, it is also clear that 1)
x0 − e−ATxT is not given; 2) xT is not equilibrium point of the initial system. Construction of the control u(t),
which transfers (x0 − e−ATxT) to (0; 0) in time T and satisfies the preassigned constraints, will be carried out in
[2] by controllability function method [3].

[1] E. B. Lee , L. Markus, Foundations Of Optimal Control Theory, John Wiley and Sons, Inc., N.Y., London,
Sydney, 1967.

[2] Stiepanova K., Korobov V. The peculiarity of solving the synthesis problem for linear systems to a non-equilibrium

point, Journal of Mathematical Physics, Analysis, Geometry. 17(4), (2021), pp.326–340

[3] V. I. Korobov, The method of controllability function (Russian), R&C Dynamics, M.-Izhevsk, 2007.

Continuous operators on Cb(X) with the strict topology

J. Stochmal
Institute of Mathematics, Kazimierz Wielki University, ul. Powstańców Wielkopolskich 2, 85–090 Bydgoszcz, Poland

juliusz.stochmal@gmail.com

In [1] M. Nowak has developed a theory of integral representation of continuous linear operators on the space
Cb(X) of all bounded continuous functions on a completely regular Hausdorff space X. Then the space Cb(X) is
equipped with the strict topology β.

Let E be a Banach space. Making use of the results of [1], we study β-absolutely summing operators, compact
operators and β-nuclear operators T : Cb(X) → E. We characterize these kind of continuous linear operators in
terms of their representing measures. As an application we obtain that a natural kernel operator T : Cb(X) →
C(K) is β-nuclear, where C(K) is the Banach space of continuous functions on a compact Hausdorff space K.
Moreover, it is shown that if E has the Radon–Nikodym property, then β-absolutely summing and β-nuclear
operators T : Cb(X) → E coincide.

This talk is based on a joint work with M. Nowak (see [2]).

[1] M. Nowak, Integral representation of continuous operators with respect to strict topologies, Results Math. 72 (2017),
843–863.

[2] M. Nowak, J. Stochmal Characterizations of continuous operators on Cb(X) with the strict topology, Ann. Funct.
Anal. 12 (2021), art. no 28.
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Constructions in minimal dynamics and applications to the classification of
C∗-algebras

K.R. Strung, R.J. Deeley, I.F. Putnam
Institute of Mathematics, Czech Academy of Sciences, Žitná 25, 115 67 Prague, Czech Republic

strung@math.cas.cz

This talk is based on joint work with Robin Deeley and Ian Putnam, where we study the existence of minimal
dynamical systems, their orbit and minimal orbit-breaking equivalence relations, and their applications to C∗-
algebras and K-theory. In particular, we show that given any finite CW-complex there exists a space with the
same K-theory and cohomology that admits a minimal homeomorphism [3]. The proof relies on the existence of
homeomorphisms on point-like spaces constructed by the authors in previous work [1], together with existence
results for skew product systems due to Glasner and Weiss.

To any minimal dynamical system one can associate minimal equivalence relations by breaking orbits at small
subsets. These were originally used by Putnam in his study of Cantor minimal systems, in which case they are
so-called AF relations. Using Renault’s groupoid C∗-algebra construction we can associate K-theory groups to
minimal dynamical systems and orbit-breaking equivalence relations. We show that given arbitrary countable
abelian groups G0 and G1 we can find a minimal orbit-breaking relation such that the K-theory of the associated
C∗-algebra is exactly this pair [2].

These results have important applications to the Elliott classification program for C∗-algebras. In particular,
we make a step towards determining the range of the Elliott invariant of the C∗-algebras associated to minimal
dynamical systems and their minimal orbit-breaking relations.

[1] Robin J. Deeley, Ian F. Putnam, and Karen R. Strung, Constructing minimal homeomorphisms on point-like spaces

and a dynamical presentation of the Jiang–Su algebra, J. Reine Angew. Math. 742 (2018), 241–261.

[2] Robin J. Deeley, Ian F. Putnam, and Karen R. Strung, Classifiable C∗-algebras from minimal Z-actions and their

orbit-breaking subalgebras, arXiv:2012.10947, 2020.

[3] Robin J. Deeley, Ian F. Putnam, and Karen R. Strung, Minimal homeomorphisms and topological k-theory,
arXiv:2012.10950, to appear in Groups, Geom. Dyn., 2020.

Searching for long cycles in non-linear autonomous discrete dynamical
systems

A. Stokolos, I. Iacob
Department of Mathematics, Georgia Southern Univeristy, Statesboro GA, 30460, USA

D.V. Dmitrish
Department of Applied Mathematics, Odessa National Polytechnic University, Odessa, 650044, Ukraine

M. Tohaneanu
Department of Mathematics, University of Kentucky, Lexington, KY 40506, USA

We explore the problem of stabilization of unstable periodic orbits in non-linear autonomous discrete dynam-
ical systems. We suggest several algorithms to search for cycles of arbitrary length. This approach allows us to
locally stabilize and to find a priori unknown cycles of a given length. An algorithm for finding a given length
cycle when its multipliers are known is described as a particular case of our method application. With the help
of the computer we were able to find long unstable cycles for several basic maps of nonlinear science. The theo-
retical part is based on combination of geometric complex analysis and predicative control method proposed by
B.T. Polyak.
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On the set-valued analogue of strong proximinality in Banach Spaces
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In the theory of best approximation, the study of strong proximinality gained impetus with its first appearance
in [2], followed by the study of strong ball proximinality. The interplay between these two concepts and their
equivalence have been explored in [1] and [3]. In this talk, we discuss the set-valued generalization of strong
proximinality in real Banach spaces, introduced by J. Mach in [4] as property-(P1). For a Banach space X, a closed
convex subset V of X and a subclass F of the closed bounded subsets of X, this property is defined for the triplet
(X, V, F ) and describes simultaneous strong proximinality of V at each of the sets in F . In the first part of this
talk, we discuss the definition and examples of property-(P1) and the interconnection between property-(P1) of a
closed subspace of a Banach space in relation to that of its closed unit ball.

In the second part, we look at property-(P1) in the class of L1-predual spaces. We prove that the closed unit ball
of an M-ideal in an L1-predual space satisfies property-(P1) for the compact subsets of the space. For a Choquet
simplex K, we discuss a sufficient condition for the closed unit ball of a finite co-dimensional closed subspace
of A(K) to satisfy property-(P1) for the compact subsets of A(K). Finally, for a compact Hausdorff space S and
a finite co-dimensional closed subspace Y of C(S), we discuss the equivalence of the aforesaid four concepts
– strong proximinality and strong ball proximinality of Y in X, property-(P1) of Y and that of the closed unit
ball of Y for the compact subsets of X. This equivalence is then generalized for the finite co-dimensional closed
subspaces of an L1-predual space. As a consequence, we obtain that a strongly proximinal finite co-dimensional
subspace of an L1-predual space is a finite intersection of hyperplanes such that the closed unit ball of each of
these hyperplanes satisfy property-(P1) for the compact subsets of the L1-predual space.

[1] P. Bandyopadhyay, B.-L. Lin and T. S. S. R. K. Rao, Ball proximinality in Banach spaces, in: Banach spaces and

their applications in analysis, De Gruyter, Berlin (2007) 251–264.

[2] G. Godefroy and V. Indumathi, Strong proximinality and polyhedral spaces, Rev. Mat. Complut. 14(1) (2001),
105вЂ“125.

[3] C. R. Jayanarayanan, Characterization of strong ball proximinality in L1-predual spaces, Journal of Convex Anal-
ysis 26(2) (2019), 537–542.

[4] J. Mach, Continuity properties of Chebyshev centers, J. Approx. Theory 29(3) (1980), 223–230.

[5] T. Thomas, On Property-(P1) in Banach Spaces, Journal of Convex Analysis 29(4) (2022) (accepted for publica-
tion).

Widths of functional classes in the weight space L2,γ(R), γ(x) = exp(−x2)

S. Vakarchuk
Alfred Nobel University, Dnipro, 18, Sicheslavs’ka Naberezhna Str., Dnipro, Ukraine

sbvakarchuk@gmail.com

By L2(R), where R = {x : −∞ < x < ∞}, we denote the space of real functions measurable and square
summable on R. Let L2,γ(R) be the space of functions f : R → R for which γ1/2 f ∈ L2(R) and the norm is

equal ‖ f ‖2,γ =
{ ∫

R
γ(x) f 2(x)dx

}1/2
. We denote by symbol L2r

2,γ(R) (r ∈ N) the class of functions f ∈ L2,γ(R)

having (2r − 1)-th order derivative f (2r−1), which is absolutely continuous to any finite interval, and 2r-th order

derivative f (2r), belonging to the space L2,γ(R). Let’s consider the differential operator D := − d2

dx2 + 2x d
dx

which

was introduced by V.M.Fedorov (1984) for the definition of some functional classes to L2,γ(R). We suppose

L2r
2,γ(D, R) := { f ∈ L2r

2,γ(R) : Dr f ∈ L2,γ(R)} (r ∈ N, Dr f := D(Dr−1 f ), D0 f ≡ f )
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and denote by symbol Ωm,γ( f , t) (t ∈ (0, 1), m ∈ N) the generalized modulus of continuity of the m-th order for
a function f ∈ L2,γ(R), which is formed by the operator of the generalized shift Fh : L2,γ(R) → L2,γ(R), where

Fh f (x) =
1√
π

∫

R

f (x
√

1 − h2 + hτ)γ(τ)dτ; h ∈ (0, 1).

The operator Fh was introduced by S.Z.Rafal’son (1968).
Let Ψ(t) (t ∈ [0, 1]) be monotonically increasing and continuous function such that Ψ(0) = 0. Such func-

tion is called the majorant. Let ϕ be positive bounded and continuous almost everywhere function, which is
defined at the segment [0, 1]. The classes Wr

2(Ωm,γ, ϕ, Ψ; R) (r ∈ N) consist of functions f ∈ L2r
2,γ(D, R) for

which the inequality
∫ t

0 Ωm,γ(Dr f , τ)ϕ(τ)dτ 6 Ψ(t) holds for any value t ∈ (0, 1). If r = 0, we suppose
W2(Ωm,γ, ϕ, Ψ; R) := W0

2 (Ωm,γ, ϕ, Ψ; R) where

W2(Ωm,γ, ϕ, Ψ; R) :=
{

f ∈ L2,γ(R) :
∫ t

0
Ωm,γ( f , τ)ϕ(τ)dτ 6 Ψ(t) ∀t ∈ (0, 1)

}
.

We assume wm(τ) := [τ2(1 + (1 − τ2)1/2)−1]m, where m ∈ N, τ ∈ [0, 1].

Theorem 1. Let m, n ∈ N; r ∈ Z+ and Ψ is a majarant which satisfies the condition

inf
0<t<1

Ψ(t)∫ t
0 wm(τ)ϕ(τ)dτ

= lim
t→0+0

Ψ(t)∫ t
0 wm(τ)ϕ(τ)dτ

. (1)

Then the following equalities hold:

qn(W
r
2(Ωm,γ, ϕ, Ψ; R), L2,γ(R)) =

1
2rnm+r

lim
t→0+0

Ψ(t)∫ t
0 wm(τ)ϕ(τ)dτ

, (2)

where qn(Wr
2(Ωm,γ, ϕ, Ψ; R), L2,γ(R)) is any of the widths: Bernstein, Kolmogorov, linear, Gel’fand, projective, orthowidth.

Let, for example,

ϕ1(τ) := (1 + (1 − t2)1/2)mtsm−1; Ψ1(µ, t) := ((1 + t2+s)k − 1)mµ(t),

where s ∈ (1, ∞), m ∈ N, k ∈ (0, ∞) and µ is arbitrary positive nondecreasing continuous function, defined to
the segment [0, 1]. The majorants Ψ1(µ) satisfies the condition (1) and we obtain from (2) following exact result:

qn(W
r
2(Ωm,γ, ϕ1, Ψ1(µ); R), L2,γ(R)) =

(2 + s)mkmµ(0)
2rnm+r

.

[1] S.B. Vakarchuk, Widths of classes of functions in the weight space L2,γ(R), γ = exp (−x2), Ukr. math. Zh., 74(5),
(2022) (in press).

Spectra of algebras of analytic functions, generated by sequences of
polynomials on Banach spaces

S.I. Vasylyshyn
Department of Mathematics and Computer Science, Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk,

Shevchenko street, 57, Ukraine

sv.halushchak@ukr.net

Let X be a complex Banach space. We consider a subalgebra HbP(X) of the Fréchet algebra of entire functions
of bounded type Hb(X), generated by a countable set of algebraically independent homogeneous polynomials P.
We denote by MbP(X) the spectrum (the set of all continuous complex-valued linear multiplicative functionals =
continuous complex-valued homomorphisms = continuous characters) of the algebra HbP(X). We investigate the
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spectra of some algebras HbP(X). We also consider some operations that can be performed on the set τ(MbP(ℓp)),
where the mapping τ : MbP(ℓp) 7→ C∞ is such that

τ(ϕ) = (ϕ(P1), ϕ(P2), . . .)

for every ϕ ∈ MbP(ℓp), 1 ≤ p ≤ ∞.

Symmetric analytic functions on Cartesian powers of some function spaces

T. Vasylyshyn
Faculty of Mathematics and Informatics, Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, 57 Shevchenka

Str., Ukraine

taras.vasylyshyn@pnu.edu.ua

Let µ be the Lebesgue measure on R. Let Ω be a Lebesgue measurable subset of R with nonzero measure. Let
ΞΩ be the set of all bijections σ : Ω → Ω such that for every Lebesgue measurable set E ⊂ Ω the sets σ(E) and
σ−1(E) are Lebesgue measurable and µ(σ(E)) = µ(σ−1(E)) = µ(E).

Let X(Ω) be some Banach space of functions x : Ω → C such that x ◦ σ ∈ X(Ω) for every x ∈ X(Ω) and
σ ∈ ΞΩ. Let n ∈ N. Let (X(Ω))n be the nth Cartesian power of the space X(Ω). A function f : (X(Ω))n → C is
called ΞΩ-symmetric (or just symmetric) if

f ((x1 ◦ σ, . . . , xn ◦ σ)) = f ((x1, . . . , xn))

for every (x1, . . . , xn) ∈ (X(Ω))n and σ ∈ ΞΩ.
We investigate symmetric polynomials and symmetric analytic functions on Cartesian powers of spaces

L∞[0, 1], Lp[0, 1] and Lp[0,+∞), where p ∈ [1,+∞).

Combinatorial relations for transitive representations of finite symmetric
inverse semigroup

T. Voloshyna
Faculty of Information Technology and Mathematics, Lesya Ukrainka Volyn National University, Lutsk, Potapova Str. 9,

Ukraine

voloshyna.tetiana@vnu.edu.ua

Let ISn is symmetric inverse semigroup; its elements are called partial permutations. For τ ∈ ISn the number
of its fixed points is denote by χ(τ); the defect of partial permutation τ is denoted by de f τ. In paper [1] the
following equality is proved:

∑
τ∈ISn

χ(τ) +
1
n ∑

τ∈ISn

de f τ = |ISn| .

Let G is a subgroup of symmetric group S(M); H = G ⊕ ISM is the closed inverse subsemigroup of a
semigroup ISn. Denote by k = |M|. Then the number of right ω-cosets of semigroup ISn by the subsemigroup
H is equal to [ISn : H] = Ck

n · [S(M) : G]. Degrees of transitive permutational representations of a semigroup ISn

for its various closed inverse subsemigroups H are counted in [2].

Theorem 1. Let ϕ is a permutational representation of semigroup ISn on a set of right ω-cosets by a closed inverse sub-

semigroup H. Then

∑
τ∈ϕ(ISn)

χ(τ) +
1

[ISn : H] ∑
τ∈ϕ(ISn)

de f τ = |ϕ(ISn)| .

This equality can be considered as an analogous of Bernside’s lemma for finite symmetric inverse semigroup
ISn and for its transitive representations [1].
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[1] T.V. Voloshyna, An analogue of Bernside’s lemma for finite inverse symmetric semigroup, Carpathian Mathematical
Publications, 2(1) (2010), 15–23.

[2] T.V. Voloshyna, Congruences of permutation of finite inverse symmetric semigroup ISn, Bulletin of the University
of Kiev, Series: Physics & Mathematics, 1 (2006), 9–16.

Lipschitz widths

P. Wojtaszczyk
Institute of Mathematics, Polish Academy of Sciences, Warsaw, ul. Ељniadeckich 8, Poland

wojtaszczyk@impan.pl

Dozens of widths are known, see e.g. [1]. Generally they are sequences of numbers that measure the best
approximation of the set K ⊂ X where K is a (usually) compact subset of a Banach space X. Two classical are

Kolmogorov widths – measure approximation by finite dimensional spaces

dn(K) = inf
Fn

sup
k∈K

inf
x∈Fn

‖k − x‖

where Fn are arbitrary n-dimensional linear subspaces of X, and
entropy numbers measuring the approximation by finite number of points

ǫn(K) = inf
x0,x1,...,x2n

inf
ǫ>0

K ⊂
2n⋃

j=0

B(xj, ǫ).

In recent decades in numerical analysis we see the growing interest in non-linear algorithms. While it is
well known that nonlinear methods of approximation can often perform dramatically better than linear methods,
there are still questions on how to measure the optimal performance possible for such methods. Some attempts
were made in [2] however they were not taking into account the numerical stability of the methods. In the talk I
present two types of widths taking this into account.

In [3] we introduce stable manifold width

δn,γ(K) = inf
a,M,‖.‖Y

sup
k∈K

‖ f − M(a(k))‖X

where a : K → Rn, M : Rn → X, ‖.‖Y is a norm on Rn and both a and M are γ-Lipschitz map when on Rn we
use ‖.‖Y .

In [4] we introduce Lipschitz widths

d
γ
n (K) = inf

‖.‖Y

inf
Φn

sup
k∈K

inf
y∈Bn

‖k − Φn(y)‖X

where ‖.‖Y is a norm on Rn, Bn is a unit ball in Rn equipped with norm ‖.‖Y and Φn : Bn → X is a γ-Lipschitz
map.

In the talk I will present

1. Basic properties of the new widths and their relations with Banach spaces.

2. Relations between new withs and classical ones

3. Explain the connections of new widths with various numerical procedures e.g. deep learning.
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[1] A. Pinkus, n-widths in Approximation Theory, Springer, 2012

[2] R. DeVore, R. Howard, C. Micchelli, Optimal nonlinear approximation, Manuscripta Mathematica 63(4) (1989),
469-478

[3] A. Cohen, R. DeVore, G. Petrova, P.W. Optimal stable nonlinear approximation

[4] G. Petrova, P. W. Lipschitz widths, Constructive Approximation (to appear)

On Modified Bernstein Operators

Ö.G. Yılmaz
Department of Mathematics, Recep Tayyip Erdogan University, 53100, Rize, Turkey

ovgu.gurelyilmaz@erdogan.edu.tr

Bernstein operators have a great importance in the development of the approximation theory. Several gener-
alizations of Bernstein polynomials have been introduced and applied in various areas not only in mathematics
but also other disciplines. Bn,m+1 is one of the modifications of the Bernstein operators introduced by Bernstein

in 1932 which converges for f ∈ C(m)[0, 1], m > 2 with the rate n−m/2ω
(

f (m), 1√
n

)
, where ω ( f , .) is a modulus of

continuity. During the last decades, there have been considerable interest for the eigenstructure of the Bernstein
type operators which goes back to the pioneering work of Cooper and Waldron in 2000.

The aim of this talk is to calculate the eigenvalues and the corresponding eigenvectors Qn = Bn,3. The mono-
tocity of the eigenvalues, explicit formulae for the eigenpolynomials as well as their limiting behavior have been
studied.

This talk is based on a joint work with Sofiya Ostrovska and Mehmet Turan from Atilim University, Turkey.

[1] S.N. Bernstein, Addendum to E. V. Voronovskaya’s article, in: Collected works, Volume II, paper N37, USSR
Academy of Sciences Publishers, Moscow, (1954) (in Russian)

[2] S. Cooper, S. Waldron The eigenstructure of the Bernstein operator, J. Approx. Theory, 105 (2000), 133–165.

[3] S. Ostrovska and M. Turan, On the eigenvectors of the q-Bernstein operators, Math. Methods Appl. Sci., 37 (2014),
no.34, 562вЂ“-570.

[4] V. S. Videnskii, Bernstein Polynomials, Leningrad State Pedagocical University, Leningrad, (1990) (in Russian).

Symmetric polynomials on Banach spaces and rings of multisets

A. Zagorodnyuk, Y. Chopyuk
Faculty of Mathematics and Informatics, Vasyl Stefanyk Precarpathian National University, 57 Shevchenka Str., 76018

Ivano-Frankivsk, Ukraine

andriy.zagorodnyuk@pnu.edu.ua, ur.chopiuk@gmail.com

The talk is devoted to new results about algebras of symmetric and supersymmetric polynomials on Banach
spaces with symmetric bases and algebraic structures on their spectra. In particular, we will consider ring struc-
tures in spectra of algebras of G × S∞-symmetric polynomials, where S∞ is the group of all permutations on
positive integers and G is a finite commutative group.

This research was funded by the National Research Foundation of Ukraine (2020.02/0025, 0121U111037).
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analytic functions, Revista Matemática Complutense. 27 (2) (2014), 575–585

[2] Y. Chopyuk, T. Vasylyshyn, A. Zagorodnyuk, Rings of Multisets and Integer Multinumbers, Mathematics. 2022,
10 (5) (2022), 778
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11 (9) (2019), 1111

Sumset estimates in convex geometry

A. Zvavitch
Kent State University, Kent, USA

azvavitc@kent.edu

In this talk we will discuss a number of inequalities in Convex Geometry inspired by sumsets estimates in
additive combinatorics and inequalities in information theory. We will explore connections of those inequalities
to different inequalities on Mixed Volumes and Loomis-Whitney type estimates for the volumes of orthogonal
projections.

This is a joint work with Matthieu Fradelizi, Mokshay Madiman and Mathieu Meyer.
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S. Bartoll, F. Martínez-Giménez, A. Peris, F. Rodenas, Numerical methods meet linear chaos . . . . . . . . . . . . . . . . . . . 8
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Aleksandra Orpel (Poland) Sofiya Ostrovska (Turkey)

95



Mikhail Ostrovskii (United States) Mykhailo Osypchuk (Ukraine)
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Przemysław Wojtaszczyk (Poland) Robert Wolak (Poland)
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